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This paper presents a new approach capable of volume calculation of 3D reconstmcted geological 
objects. The method is based on a well-known concept that states the volume of an object can be 
computed as the limit of the sum of the area of infinite number of sections, which cut the 3D 
object. Since shortage of input data about the geological objects usually exists, Mathematical 
Morphology and polynomial interpolation are employed to generate a set of intermediate sections 
between the set of initial sections. A Mathematical Morphology tool is applied to compute the 
area of the two of sets initial and generated 2D sections. Regularities together with Delaunay 
Triangulation are employed to perfOlID 3D reconstmction. A formula is developed on purpose of 
volume calculation of the reconstmcted objects. A set of ten theoretical, electrical resistivity 
cross-sections were generated and used to petform an experiment to show the capability of our 
approach to estimate the volume of complex 3D geological object in case of sparse 2D sections. 
The volume determined using the morphological approach presented in this paper show good 
cOlTelation with the volume of the original input object. Advantages and disadvantages of our 
volume calculation approach are discussed in the conclusion of this paper. 

Keywords: electrical resistivity, sparse 2D sections, geological objects, smooth 3D visualization 
and volume calculation. 

Introduction 
Three-dimensional reconstruction technology for object 
description, investigation and manipulation rapidly 
increased in importance throughout the 1990s for fields 
such as medicine, bio-informatics, chemistry, robotics, etc., 
resulting in a number of commercially available object 
visualization software tools. Major advances in 3D 
visualization technology of geological objects initiated a 
tremendous growth in the scope, utility, and ultimate 
popularity of a number of commercial systems such as 
Gemcoml , Intergraph5, LynxS, MineSight9, and Surpac13. 
The latest versions of these systems are capable of 3D 
object/volume modelling and visualization, incl uding 
variable 3D viewpoints available during modelling, as well 
as the calculation of surface area and volume. 

Interpolation functions to improve object surface design 
are valuable in the case of sparse input data, and play a 
significant role in 3D Geographic Information System 
(GIS) technologies. Unfortunately, these interpolation 
techniques are tailored for topographical surfaces and are 
rarely applicable to the 3D reconstruction of rigid 
geological objects. Data about objects situated on the 
ground surface may come from sources such as aerial and 
satellite photos or geographical and digital maps. The 
integration, comparison, and verification of the different 
types of data in GIS allows an increase of data quality and 
design of high quality models of the regions and objects 
under investigation, thus providing a fast and realistic 3D 
visualization. 

A system designed to process, analyse, and investigate 

3D subsurface objects is unfortunately limited by the use of 
data obtained by prospective drills, well logs, or boreholes. 
Subsutface objects are generally anisotropic and of irregular 
shape, with many branches and corresponding relations. 
Input information for certain objects is insufficient in many 
cases, due to difficulties imposed by access of drilling 
equipment or the expense of numerous boreholes. 
Ultimately, the importance of adequate drill coverage is an 
obscure notion because subsurface objects are, of course, 
invisible so a shortage of input information on subsurface 
objects will always exist. To overcome these inherent 
disadvantages in the case of sparse input data and generate 
smooth 3D reconstmction and visualization of geological 
objects, Sirakov and Muge12 proposed an approach capable 
of 2D boundary interpolation given a limited number of 
boreholes. 

As a further complication, the number of the 
measurements per borehole can only provide data sufficient 
to produce sparse sets of plane sections. In order to ensure a 
smooth 3D reconstmction and visualization for this case, 
Granado et aP proposed an approach, based on polynomial 
and morphological interpolation10, and capable of 
generating sets of intermediate sections between initial ones 
in case of non-overlapping after orthogonal projection in a 
plane. The two approaches2,IO lies behind the new volume 
calculation technique. To validate the capability of this 
technique a set of 2D electrical resistivity sections were 
generated to simulate wedge-shaped gravel deposit with an 
electrical resistivity of 800 D.-m, where the 2D sections 
were spaced 10 m apart. Using this set and employing a 
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Morphological interpolation 6,7,10 approach we generate 3 
intermediate sections, between each pair adjacent, initial 2D 
sections and reconstructed12 the shape of the object as well 
as estimated its volume. In order to perform the latest we 
computed the area of each 2D section applying a 
Mathematical Morphology tool. At the end of the paper is 
provided a validation of the proposed approach. 

Volume calculation 

Our volume calculation technique is based on the well 

known expression: V = lim f Si, where Si denotes the area 
11-H= i~l 1 

of the i-th 2D section, for i = 1, .. . ,n. If we set 11 =[~, where 

[.] denotes the number integer part and a is a parameter that 
relates to the distance between the 2D sections. Thus, when 
a~O then 11 ~co. Therefore, if the number of the 2D 
sections increases infinitely, then V converges to the 
volume of the reconstructed 3D object. But as we 
mentioned above a shortage of input data about the 
subsurface objects usually .exists. It follows that only a 
sparse set of 2D sections are available for this type of 
objects and a 2D sections interpolation approach is needed 
in order to generate a sufficient number of sections to 
compute the volume of the geological objects. Since in 
practice we are only able to generate a finite number of 
intermediate sections we employ the following fOlmula to 
compute the volume of the 3D reconstructed geological 
object: 

V= L Sj + LSji' - +(Sk -Sl)'--k-l[( 11 ) h ] h 
j~l i~l 11+1 2(n+l) 

[1] 

where J denotes the consecutive number of the initial 
section and Sj denotes its area; Sji -the area of the i-th 
generated 2D section, located between the J-th and (j+ 1)-th 
initial sections; n-the number of intermediate sections 
between a pair, adjacent, initial sections; Jz-the distance 
between a pair adjacent initial 2D sections. 

As we may observe above, the accuracy of our volume 
calculation technique is dependent on the 2D section 
interpolation approach (accuracy of Mathematical 
Morphology interpolation6,7,10 as well as the power 
exponent of the interpolating polynomial curves2) and the 
number of generated intermediate sections. Thus we may 
conclude that generating more 2D sections will yield a 
greater accuracy of our volume calculation, which is limited 
by the accuracy of 2D sections interpolation, that may be 
estimated by employing an approach based on Hausdorff 
distancesll. 

2D sections generation 
The 2D sections interpolation approach tackles two 
mutually exclusive cases: 

• Two adj acent, spatial 2D sections intersect after 
orthogonal projection in a plane 

• Two adjacent, spatial 2D sections do not intersect after 
orthogonal projection in a plane. 

In order to solve the first problem we employ a 
Morphological Interpolation approach reported by Meyer10 
and briefly presented below. 

Let X and Y, X n Y = 0 be two sections to be interpolated. 
Denote by Z == XuY (see Figure 1). Assume that Meyer's 
algOlithm works and transformations, X ~ XnY and XnY 
~ Y, consist in finding all the interpolations between 
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section X and section Y. To approach the goal the algorithm 
z z 

calculates two interpolation functions: int(p) and int(p) 
x y 

defined as follows: 

0 on X 

z 1 on the boundary of Z 
int(p) = 

dx I(dx + dz ) on ZIX 
[2] 

x 

+00 on ZC 

0 on Y 

z 1 on the boundary of Z 
int(p) = 

dy I( dy + dz ) on ZIY 
[3] 

y 

+00 on ZC 

where dx and dy are the geodesic distances between point x 
and sections X and Y, respectively. Symbol dz denotes the 
geodesic distance to the boundary of section Z, and ZC is the 
complementary of Z with respect to plane Pi. 

The interpolated 2D sections between X and Z, and those 
between Y and Z, are obtained by means of single threshold 
between 0 and 1: 

1i~t(a) = {p I I~t(p) ~ a};At(a) = {p I I~t(p) ~ a} [4] 
x x 1 X 

Once performed, the interpolation [4] enables one to 
obtain the interpolated section between X and Y, i.e. the 
section at a distance a from X and (I-a) from Y, by 

z 
intersecting two partially interpolated sections: Int (a)­

x 
interpolated section at a distance a between X and Z; 
z 

Int (l-a)-interpolated section at a distance (l-a) between 
y 

Y and Z. Thus: 
y z z 

Int(a) = Int(a) n I11t(l- a) 
x x y 

[5] 

In conclusion, applying the above expression, one can 
generate an intermediate interpolated section for certain a 
values, where a E [0,1]. 

On the basis of the Meyer's10 approach Iwanowski6,7 
developed a tool capable of interpolating intermediate 
sections between a set of initial sections. A disadvantage of 
Meyer's10 method is that it allows a generation of 2D 
sections only if the initial ones intersect after orthogonal 
projection in a plain. To extend the capability in the second 
case mentioned above, we employ an approach2 based on a 
polynomial interpolation of the extreme visible boundary 
points. The orthogonal projections of such defined 
polynomial curves bind the 2D sections, as is given in 
Figure 2, and create a geodesic set2 Z for the Morphological 
approach . 

Figure 1. Geodesic set Z as a union of X and Y in the case of 
intersection 
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Case study 
To validate the above introduced theoretical concepts, an 
experiment is performed using geophysical data obtained 
by a resistivity survey of a sand and gravel body. Previous 
applications of the 3D reconstruction and visualization 
methodology have demonstrated the suitability3 of using 
electrical modelled resistivity values from parallel survey 
lines on 10 m offsets as input data. 

In this paper, theoretical electrical resistivity profiles are 
generated with the forward modelling program 
RES2DMOD version 2.2lf (see Figure 3). The resistivity 
values are typical for a gravel deposit sunounded by other 
alluvial material. 

From the set of sections shown in Figure 3 we extracted S 
images of resistivity SOO, and represented them in the first 
column of Figure 5, where the consecutive number of the 
image increase from top to the bottom. If the 2D profiles, 
whose resistivity is SOO 0.-111, are spaced 10 m apart, then 
the volume of the modelled object is around IS 400 m3. 

Experimental results 
Using the 2D sections, given in Figure 3, and employing a 
software tool, reported by Sirakov and Muge12 we have 
reconstructed the 3D shape of the entire deposit and 
represented it in Figure 4. 

Op(Bi-1)i 

Figure 2. Geodesic set design using a couple of non-crossing 2D 
sections 
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Employing Iwanowski's6,7 tool we generated 3 
intermediate 2D sections between each pair, adjacent initial 
2D sections and represented them in the 2nd, 3rd and 4th 
columns of Figure 5. The j-th row consists of the j-th initial 
section and those generated between j-th and (j+ l)-th, for 
j = 1, ..... .. ,k-I. Please note that 3 is an arbitrary number, 
selected to illustrate the capability of the interpolation 
approach. Any other number could be selected to produce 
as many sections for the desired accuracy. 

Using the set of initial 2D sections and employing a 3D 
visualization tool12 we reconstructed the 3D shape of the 
gravel deposit with resistivity SOO, which is shown in 
Figure 6a. The shape of the same 3D object, but 
reconstructed by the set of initial together with the set of 
generated 2D sections is given in Figure 6b). 

To compute the volume of the 3D reconstructed object 
with resistivity SOO we employ formula [1] in the two cases: 

• VI - using only the set of initial 2D sections 
• V2 - using the initial together with the generated 2D 

sections. 

To achieve the goal we computed the area of each 2D 
section employing Mathematical Morphology 
technique6,7,14, which provides the following results: 

rSOOl-3716; rS001a-29S9; rSOOlb-2673; rS001c-
2293; rS002-2417; rS002a-2S36; rS002b-2367; 

rS002c-175S; rS003-1902; rS003a-1599; rS003b-
1696; rS003c-1709; rS004-20S9; rS004a-1799; 

rS004b-1799; rS004c-170S; rS005-203S; rS005a-
1533; rS005b-1605; rS005c-1636; rS006-2291; 

rS006a-1375; rS006b-1378; rS006c-133S; rS007-21S7; 
rS007a-1990; rS007b-2139; rS007c-2l92; rSOOS-2714. 

In the above numbers rNIN2-N3, NI denotes the value of 
the conesponding resistivity; N2-the consecutive number 
of the initial section; a, b, c- the consecutive interpolated 
2D section; N3-the area of the conesponding 2D section, 
in square pixels. 

10.0. 141 20.0. 260. 560. 60.0. 1131 

Figure 3. Ten generated vertical 2D electrical resistivity sections of a simulated gravel deposit 
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Figure 4. 3D shape of the entire deposit shrunk twice vertically 

Cl 
o 
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Figure 5. The set of initial 2D sections (given in the first column) and set of generated 2D sections (shown in 2nd, 3rd and 4th columns) 

Taking into account the image sizes and real distances 
(see Figure 3) we computed the following coefficients: 1 
pixel-0.37 m, 1 pixel2 = 0.136 m2, 1 voxel = 0.051 m3. 

In 'Formula [1], for the first case, we replace 11 = 0, 11 = 
27, k = 8 and receive the following volume: 

VI = 435753 voxels. For the second case we consider n = 
3, lz =6.75, k = 8 and Formula [1] yields: 

V2 = 379 319.5 voxels, which gives V2 "" 19330 m3, while 
V l "" 22223 m3. 
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To validate our results we interpolated the second original 
section, given in Figure 5-2nd row, 1st column, by using 
first and third original sections, given in the same figure 
and column but 1 st and 3rd rows, and presented the result in 
Figure 7 b). The area of the 2nd initial 2D section is 2417, 
while the area of the interpolated one r8002-int = 2256, that 
yields an interpolating error of 6.6%. 

As a next validation step we computed the volume of the 
object bounded by 1 st and 3rd sections using different sets. 
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Figure 6. 3D shape of the object with resistivity 800 reconstructed, using: Ca) the set of initial 2D sections; Cb) The set of initial and the set of 
generated 2D sections. The image is shrunk twice vertically 

b) 

Figure 7. The original2D section is presented in 7a) while the interpolated one is given in 7b) 

First we used 1st, 2nd and 3rd original sections and 
obtained V123 = 7196 m2. Using only 1st and 3rd one we 
received Vl3 = 7735 m2. Using 1st and 3rd together with 
r8002-int section we received: 

Vj in! 2 = 6974. The last result shows that if only 2 initial 
sections are given, interpolating a middle one will yield 
better accuracy of volume calculation than using only the 
two initial. Now let us divide by two the distance between 
the 1 st and 2nd as well as between 2nd and 3rd and 
generate (interpolate) intermediate section for each position. 
The first interpolated section is r800lb-2673 and the second 
one is r8002b-2367. Using the two initial, 1st and 3rd, 
together with the three interpolated r8001b, r8002-int and 
r8002b we obtained V* = 7026 m2. 

If we consider V123 = 7196 m2 as a basic volume we 
detelmine that the error of volume calculation is: 

• Around 7.5 % if 1 st and 3rd initial sections are used 
• Around 3.1 % if 1st and 3rd initial together with the 2nd 

interpolated are used 
• Around 2.4% if 1st and 3rd initial are used together 

with the three interpolated-r800 1 b, r8002-int and 
r8002b. 

The last results prove that generating more 2D sections 
will yield a greater accuracy for our volume calculation, 
which is limited by the accuracy of the morphological and 
polynomial interpolation used for 2D sections generation. 

Advantages and limitations 
The main advantage of the present approach is the provided 
opportunity for efficient volume calculation of subsurface 
objects of irregular shape in case of shortage input data. 
Volume modelling approaches and tools are available in the 
recent versions of the mine planning software packages l , 

5,8,9,13 but our method gives an opportunity for intermediate 
sections generation in case of sparse set of initial sections to 
be used for volume calculation. This is an important step 
towards the implementation of geophysical methods in 
aggregate resource evaluation, as well as the adaptation of 
the 3D SORS system12 to mine planning software. 

We plan as a next step of our research to be developed an 
approach capable of evaluating mine exploration cost and 
benefits. 
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