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SYNOPSIS 

Potential metal supply refers to metals to he produced from as yet unknown deposits. Naturally, to measure 
potential supply requires, among other things, inference to the number of deposits, their tonnage, and their grade 
Thus, probability distributions were constmcted for each 400-square mile cell in Northern Sonora, Mexico. A 
computer system was developed that simulated the occurrence of deposits for each cell, exploration for the deposits, 
and their exploitation. Evaluation was performed for each deJlosit by discounted cash flow analysis. 

An objective of this study was to explore the effect of the transportation network and required road or railroad 
construction upon potential supply. Consequently, the evaluation system was designed to (;onsider the spatial 
location of a simulated deposit to the existing transportation network and the market destination. The construction 
of linkages to connect the deposit to existing transportation arteries as well as the carrying of the concentrates 
to the intended market were simulated in terms of cost. The selection of the path took into account the existing 
terrain. This was done by digitizing topographical maps and representing the topography of the area by an 
orthogonal grid of elevations. The optimum route was selected by dynamic programming, meeting a prescribed 
gradient constraint. The potential supply of each cell was determined, allowing for the infrastructure effect. 

INTRODUCTION 

Simply stated, the objective of this study was to estimate the 
potential supply of base and precious metals from northern 
Sonora, Mexico, with consideration given to the cost and 
efficiency of exploration, capital and operating costs, con
struction costs of transportation linkages, and the costs of 
tramporting the concentrates to market. Potential supply 
refers to that quantity of metal expected to occur in deposits 
which would be discovered in the future and which would be 
economic to produce. Naturally, estimation of potential 
supply requires inference about events which are not currently 
known; consequently, analysis relies heavily upon the 
application of probability theory and computer simulation. 
The first step in the estimation of potential supply is the 

estimation of metal endowment, the resources of metal that 
are expected to occur in the area. In this study, metal endow~ 
ment was estimated by obtaining subjective probability 
distributions from geologists who were knowledgeable of the 
resources of Sonora by virtue of thcir eXperience in 
exploration. 

The second step was the development of a computer 
program to simulate exploration for the probabilistic deposits 
and to simulate the exploitation of those dcposits discovercd 
within an accounting scheme that provided a discounted 
cash flow evaluation for each deposit. Only those deposits 
that were discovered and could be produced at a profit 
contributed to potential supply. 

Realistic accounting of production costs for a deposit 
requires consideration of the capital cost of construction of 
transportation linkages to the existing transportation network 
-and -Gensidemtienof -thG-Garr-y-ingG0sts ef -tra-nsp0Jting -the
concentrates to market. Therefore, a third phase of this 
study was the digital representation of the topography of the 
area to select a feasible path for the required transportation 
link. Path selection was made by dynamic programming. 

METAL ENDOWMENT 

Concepts 

In order to explore the concept of metal endowment, the 
term must first be defined. As used here, metal endowment 
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is metal concentration above some established intensity. 
Thus, in general, it refers to anomalous concentrations of 
metals. This study conccrns concentrations of base and 
precious metals: copper, molybdcnum, lead, zinc, silver, 
and gold. The following seems a reasonable dcfinition: 

M=.p(E1,Ez, ... ,E,,), . .. . (1-1) 

where M is some measure of mctal endowment and Ei is 
the i-th carth process. 

Earth processes can be regarded as activities, such as the 
intrusion of a magmatic body into host rocks of the earth's 
crust, as distinct from the geological feature that results from 
the activity, such as granite rock. Then (1-1) supports a 
deterministic model, implying that if for the area in question 
we knew the earth processes that had transpired and if we 
knew the function .p, we could describe with certainty the 
area's endowment. 

Of course, we are far from having this complete under
standing of the earth and its processes. We can only speculate 
in retrospect, after the transpiration of the earth processes, as 
to conditions leading to the formation of the ore deposit. 
This speculation is based upon observable geological features 
resulting from the earth processes causing the ore deposit. 
Although earth science has contributed much to a knowledge 
of the formation of ore deposits, we do not yet know for 
certain even the identity of all of the processes, Et, let alone 
the form of the function .p. Thus, although a deterministic 
model may be the appropriate representation of the concepts 
of metal endowment, because of the lack of information and 
knowledge of the components of the conceptual model, its 
usefulness in practical decision-making is limited. 

A practical model must be based upon observable infor
mation and its relationship to metal occurrence. Experience 
has proven geological features to be useful, but not infallible, 
in the location of metal deposits. Because of the imperfect 
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representation by the observable geological features of the 
relationships of the conceptual model, one area that looks 
identical to a metal-rich area, as determined from an 
observable subset of geological features, may have little or 
no metallization. Thus, the metal endowment of an area, 
conditional upon the geological features, should be considered 
a random variable; 

P(M;o;;;m) = F(miG1,G2, ... , GD), ....... (1-2) 

where P(M;o;;; m) is the probability for metallization, M being 
larger than rn, and 61 is the subset of imperfectly-known 
geological features. 

the metal endowment model of this study 

The model selected to express metal endowment in this 
study was a subjected probability model. This selection was 
based upon the following considerations: 

(i) Subjective probabilities provide more precise description 
of grade and tonnage of deposits not yet discovered than 
can be obtained from basing estimates upon historical 
grade and tonnage data. 

(ii) Significant mineral production has occurred in Sonora, 
yet no reliable data are available on production by 
nrines. Consequently, the scheme employed must be 
independent, to a certain degree, of current and past 
production statistics. 

Both of these reasons are important, because it was desired 
to use the estimated metal endowment in subsequent economic 
studies, such as the impact of transportation on potential 
supply from deposits not yet known. Therefore, the inability 
in this study to adjust estimates for past production (data 
which were not available) is a serious fault. Furthermore, 
since the impact of varying carrying rates on potential supply 
is one of the objectives of the study, grade and tonnage 
characteristics of future discoveries are important factors. 

DATA COLLECfION 

The collection of the geologists' opinions was undertaken 
by a graduate student, Peter Donald, who interviewed a total 
of ten experts from several major mining firms in Mexico. 
The participants were asked to express their opinions in the 
absence of economic considerations, in order to approximate 
as closely as possible an estimate of what might occur, not 
what might be economic under current economic conditions. 
This is not an easy task for a geologist, since his main interest 
lies in the generation of prospects conducive to the discovery 
of feasible mineral deposits. 

PROSPECTING ZONES AND QUESTIONNAIRES 

The procedure followed in the construction of the occurrence 
model of this study differed somewhat from that employed 
in a previous study of the Canadian Northwest [Harris, 
et al. (1970)], for in that study the geologists' opinions were 
obtained on a common reference (a grid of cells). In this 
study a common reference scheme was not imposed upon the 
geologists. Each geologist was allowed to select subareas of 
any size and shape (within the study area) in which he was 
particularly interested, generating for each one of them 
probahilitydistributions for the number ·of -deposits. for 
tonnage and for grade. This flexibility in definition of areas 
was provided so as to create circumstances that conformed 
to his subjective reasoning process as it is applied in practice. 
In addition to providing distributions for each of his subareas, 
he provided probability distributions for the entire area. 

The questionnaire was broken into two parts, which in 
turn separated metal deposits into two general subdivisions: 
the bulk, low-grade (high-tonnage) deposits, and the small
tonnage, (high-grade) deposits. For the bulklowwgrade deposits 
a minimum tonnage and a minimum grade were imposed: 
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25 million tons and 0.46 per cent copper equivalent, respec
tively. The minimum tonnage for the small high-grade 
deposits is 200 000 tons and the minimum grade is S16.00/ton. 
According to the geo:logists, the separation of the question
naires in this manner permits an easier subjective estimation 
of the occurrence probabilities for mineral deposits, because 
in practice two distinctly different populations of mineral 
deposits, each with different geological characteristics of 
occurrence appear to exist. The lower limits for the groups 
were suggested by the participants; such limits they claimed 
were necessary because of the low familiarity of the geologists 
with mineral deposits whose characteristics fell below the 
indicated limits. 

Each. of the ten participants was interviewed individually. 
Initially, the geologist was provided with recent geological 
maps of the study area so that he was able to analyze and 
supplement his former knowledge of the area with the extra 
knowledge summarized by the maps. Once he had familiarized 
himself with the data and the study area, he was asked to 
select subareas in which he would conduct mineral exploration; 
these subareas hereafter are called prospecting zones. The 
selection of the prospecting zones was made according to 
priority. A geologist could select as many prospecting zones 
as he wished, so long as he maintained a priority ordering 
in his selection. 

Having sclected various prospecting zones, the participant 
was asked to provide probability distributions for the number 
of deposits, for tonnage, and for grade for each of his selected 
subarcas. Verbally, the participant was requested to estimate 
the probability of at least a given number of deposits occurring 
in a particular zone. 

The probability distributions for the number of deposits 
provided by the participants consisted of two independent 
probability distributions, onc for the bulk low-grade deposits, 
and the other for the small high-grade deposits. Besides these 
distributions for each prospecting zone, the participants were 
asked to provide a probability distribution for the number of 
occurrences (deposits) for the entire study area. 

Next, the participant.s were asked to provide the probability 
for anyone deposit possessing tonnage of specified tonnage 
categories: 200 000 to 1 000 000; 1 000 000 to 5 000 000; 
5 000 000 to 25 000 000; 25 000 000 to too 000 000; 100 000 000 
to 300 000 000; and 300 000 000 to 600 000 000. The question
naire was separated into the two parts described previously, 
low- and high-grade. the breaking point on tonnage being at 
25 million tons. Again, the participants provided two 
probability distributions per prospecting zone selected, plus 
two for the entire area. 

Finally, the participants were asked to provide conditional 
probability density distributions for grade, that is, given a 
deposit of certain tonnage, what is the probability of its 
grade being in each of six grade categories? Each tonnage 
class on each subdivision was thus provided with probabilities. 
Therefore, there were six distributions for grade provided by 
each participant. 

The participants did not provide different probability 
distributions for grade for each selected prospecting zone~ 
but one set for all of them. According to the participants, the 
same grade distributions could apply to each of his selected 
subareas, either because he felt strongly that grades would 
be similar for a given tonnage, or because he was unable to 
define a different distribution for each selected subarea 
because of insufficient information. 

DISTRIBUTIONS FOR CELLS 

From the ten geologists' responses many zones were generated 
(some of which overlapped) together with their associated 
probability distributions. Before these data could be employed 
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in the analysis of the impact of transportation upon potential 
metal supply, the multiple responses had to be resolved into 
one set of probability distributioos (number of deposits and 
tonnage) and a tonnage-grade equation for each cel( (20 miles 
square subdivision) of lhe study area. The procedure used 
fo r the estimation was Monte Carlo sampling, using an 
eJectroniccomputer. A computer program uti lized lhe locatioo 
of the prospecting zones with respect to the network of cells 
to generate probability distributions for number of deposits 
and tonnage for each of the 64 «lis of the study area (see 
Fig. I). The toonage and grade output from the program 
served as the basis for estimating the parameters of the 
grade-tonnage equation. (0 anyone sampling of the geological 
opinions (iteration), both of the number distributions (small 
high-grade and large low-grade deposits) were tested. 

NUMBER OF ·DEPOSITS 
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Fif!. 1. Computed probabiliry disrrfburion1 far (!tU 50: number 0/ 
depoJIIJ, and IOIUl~(I per de(loJit. 

The computer program, through. Monte Carlo sampling 
00 the cumulative probability distributions for grade. 
genemted a set of gtade values, one for each of the deposits 
in the cell per iteration ; thus, every deposit bad associated 
a tonnage and a grade at the completion of eacb iterarion. 
These data were subjected 10 regrtSSioD analysis. The mam 
objective of the regression analysis was to obtain a functional 
relationship capable of expressing the correlation existing 
between tonnage and grade. Several funct ional foClllS were 
1csted-in·order·to-selcct1be""o~tbat fitte(hhe·da la best ;-among 
those tested were the following: 

(i) = a+b(tOODage) 
(ii) log (grade) = a + b[log(tonnage)] 

(iii) log (grade) = a+b[log(tonnage)] + c[log (tonnage)2] 

For most of the cells, the second functional form was the 
best fit, bnt for a few, the third form was selected. As usual 
the cells were maintained as separate units so that each cell 
had its own functional relationship, based upon the analysis 
of its own sets of tonnage and grade values. 
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Metal endowment of Sonora 

SPATIAL DISTRIBUTION OF EX PECTI:D IdIITAL POTEt-mAL 

In order to examine the spatia) distribution of metal 
endowment of the study area, the average metal potentia) was 
computed for each cell. This expecta tion was calculated b..1 
computing for each cell the average number of deposits, R, 
and the average tonnage of ore per deposit, 1: This average 
tonnage divided by I 000 000 was substituted into the grade 
equation to generate the average grade, G. TIle expected 
tonnage of metal, !:I, for a cell was determined by multiplying 
these three quantities : 

M - ii.r.G 
Figure 2 sh.ows the spatial distribution by eel[ of the 

expected metal (copper equivalent). TIle most striking feature 
of the map is the belt of high-expected metal endowment 
extending from cells 62 and 63 of the southern border 
northwestward, passing through the cells containing Nacozari 
and Cnnanea. There are six cells in the zone that have an 
expected metal endowment greater th.an 3 000 000 tons of 
copper equivalent. Five of these cells are in the Nacozari 
area. The sixth one is immediately east of Cananea. Along 
this same belt, situated chiefly between Nacozari and 
Cananea, are four cells with an expectation of 2000000 to 
3000000 tons of copper equivakmt. Obviously, in the 
opinions of tne geologists, this area has a large metal endow
ment. TIle traditional producing cells, such as Naanari and 
Cananea, have high potential even though these cells have 
produced considerable metal. Cell 52., the most richly endowed 
cell, includes La Caridad, th.e recently discovered copper 
deposit of over 600 000 000 tons of ore at 0.8 per cent Cu 
equivalent. 1t is interesting that cells 25, 50, 61 , and 62 have 
an expected endowment nearly as great as cell 52. 

Apart from the cells in lhe eastern part of the area, there 
is a clustez- of cells in the westem part with. a low to moderate 
metal expectation. The highest of these is cell 7, which. has 
an expectation of I 000 000 to 2000000 tons of copper 
equivalent. 

If we were to treat this metal potential as copper and 
employ a price of 0.50 5/lb, the richest cells would have an 
expected gross value of endowment exceeding $1 500 000 000. 
Of course, this potential may not all be discovered or all Be 
economic to produce, depending upon local specific rock 
conditions, depth of occurrence, and so on. 

COMPARISON OF METAL ENOOWMBNT 

Statistical analysiS of the expected metal endowment for 
the 64 cells yields an average endowment per cell of about 
1031000 tons of copper equivalent. This is equivalent to 
2577 tons per square mile. Let us add to this average endow
ment tbe copper equivalent oC total past production, giving 
us an estimate of the total original endowment as cur.rentJy 
estimated. Data o n the Sonora. alone are Dot available; the 
data that are available illdicate lhal, based upon 1968 prices, 
an estimate o f total cumulative production of base and 
precious metals and reserves of that date is about 
Sll 000000000. Arbitrarily, let us assume that about 
one-fifth of this was derived from the study area, that is. 
about ·S6-000 000-000. This ·value ·is "Cquivalent to IDlmIt 
7000000 tons of copper, or about 109 000 tons per cell 
(based upon the 1968 price of copper). Thus, cumulative past 
production and as yet unknown endowment is equivalent to 
about 1 140 000 tons per cell or 3 050 tons per square mile. 

For comparative purposes, a value per square mile was 
computed at a copper price of 0.32 Sjlb, giving about 
$1 950000 per square mile. This value is approximately nine 
times the per-sQuare-mile value of total cumulative production 
to 1957 plus reservC5 for an area of 154800 square miles 
comprising parts of Arizona, New Mexico, and Utah 
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Fig. 2. Map of expectation o/me/al endowmem ill teflns a/copper cqllim{enl, Northcm SOIlOI'O, Mexicu. 

(Harris. 1968). Of course, thi ~ larger wesle1'l1 V.S. area could 
be subdivided to produce an area equal in size to the Sonora 
area. and with per-square mile value much nearer to thal of 
the Sonora. Nevertheles.~. such an area would of na.:cssify 
consist of the richest part of lhe westem V.S., which is one 
of the richest aI"e'ol$ in the world in metal production and 
reserves. Obviously, the me/at end()wllwnl of [he Sononl. is 
large. It musl, however, be remembered that this study 
indicates only what is believed to exist in the mineable part 
ofthecarlh's crust in Sonora. In SitOft, what has been generated 
is believed to be an estimate of mertll endowmenf, not potential 
supply. 

POTENTIAL SUPPLY 

Concepts 

Let us define potential suppJy oi Ibe j..fh metal as fo llows: 

(2-1) 

where T is the ore in tons and KI is the proportion of ore 
consisting of the j -th metal. 

Let us further define T and K l : 

T - ~1(TRC,CMC,CCC) (2-2) 

(2-3) 

where. hi is ~bo- pmfl9r-ti9n of ~alue .. per .ton compri£ing.lhe. 
j-th metal, '1 is the price o r the /-Ih metal (consistent with 
fl and Z), Hnd Z is the grade in dollars per Ion, ba.'led on 
1970 pri<.-'CS. A lso, let TRC be the mult iple of basic transpor
ta tion construction schedule, CMC be the multiple of basic 
carrying rate, and ece be the fInctiOD of government sharing 
of construr.:tion Cosls, 

z =- ~2(TRC, CMC, eCC) 

Thus, 

PSI - (h ,/rl)ZT 

(2-4) 

(2-5) 
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Ifll different set of prices is to be used, hi must be adjusled: 

hi = "1(rl/r,), 

. nd 

PS, =- (II;/,;)Z. T, (2-6) 

where hi and rj are the new value proportion and price, 
respectively, of the j-th metal. 

Let us specify further that ~1 find ~1 are of the following 
form: 

Z = Ao (TRC)A 1 (CMC)A1 (CCC),4. . . . . . . (2-1) 

T =- Bo(TRC)B1 (CMC)B, (CCC)Ba (2-8) 

Then, from (2-1) and (2.-3), potential supply can be wrin en 
as fo llows: 

, , ( A,+8, 
PSI "" (hj/rJ) AoBa TRC) 

(CMC )A1+B' (CCC)A.+B, (2-9) 

In this form, A1+B1 is the elasticity of potential metal supply 
relative to carrying rates: 

ETRC= 

Similarly, 

UPS! 
ECMC - aCMe 

ECCC -
OPSI 
ocec 

= A,+B. - elasticity of PSj witb 
respect to transportatiou 
construction. 

= A3+ B, - elasticity of PS, with 
respect to government 
sharing of CMC. 



Thus, we can write (2-5) as follows: 

, , ETRC 
PS, = (hj/rj) AoBo(TRC) 

(CMC)ECMC (CCC)ECC ..... (2-10) 

However, a priori reasoning suggests that these elasticities 
for any particular cen should vary with the transportation 
construction distance and the carrying distance ; the greater 
the distance, the larger the elasticities: 

ECC = y(CD)Yl (TD)Y' . 

where CD is the construction distance and TD is the trans
portation (carrying) distance. 

Finally. wc can write potential supply of the j-th metal as 
a function of hj, rj. TRC, CMC, CCC. CD. and TD: 

~)1 ,~: ",. 

(GMC)w(GD) (TD) (CCC),(CD) (TD) (2-11) 

The potential metal supply of an area could be computed 
by (2-5), (2-9), or (2- [ 1). In the case of having point estimates 
only of Z, T, and (hj/rj), equation (2-5) would be appropriate. 
If the analysis has yielded elasticities of the economic variables 
of interest, (2-9) is appropriate and if the analysis has defined 
the elasticities as functions of distances, (2-11) is appropriate. 
If the ultimate objective were the charting of a transportation 
route, expressions of the type of (2-11) computed for each 
cell would provide useful auxiliary information for selection 
of the optimum route. 

Regardless of which equation is to be used, in order to 
compute potential metal supply, exploration, exploitation and 
transportation must be simulated on the metal endowment 
of each cell of Sonora. The simulation of exploration and 
exploitation on metal endowment has been described by 
Harris et al. (1970), in a resource and transportation study of 
the British Columbia Province. Thc method of analysis 
employed in this study parallels the Canadian study; in fact, 
many of the same relationships, some modified appropriately 
for special conditions of Sonora, were used in this study. 
Consequently, these relationships will not be reviewed in this 
paper. The reader is referred to the Canadian study and to 
Euresty (1971). 

The feature of this analysis is the necessity for treating 
transportation and the construction of transportation 
explicitly in the estimation of potential metal supply. This 
means that the analysis must allow the selection of a feasible 
transportation link for each cell, the costing of its construction, 
and the costing of transporting the metal concentrate to 
market. 

Elitimation of expected potential supply 

In the section on metal endowment, it was proposed that 
for the estimation of metal endowment a probability model is 
appropriate. Since metal endowment was defined probabilis
tically and since the estimation of potential supply is con
ditional upon the metal endowment. a probability model is 
also appropriate for the estimation of potential supply. 

" P(to:!{'T:!{,tlJ = J o.jJ(Tj TRC, CMC, CCC)dT, .. (2-12) 
<, 
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P(Zo~Z~zlJ =1 A(ZjTRC,CMC.CCC)dZ • .. (2-13) 

" 
where to. t I , zoo ZI are the bounding tonnages and grades 
specified in the estimation of metal endowment. 

The expectations of tonnage and grade can be computed 
from (2-12) and (2-13): 

ElT] ~ j ~ l' o/(T[TRC,CMC, CCC)TdT (2-14) 
<. 

- " E[Z} =Z =J A(ZjTRC,CMC,CCC)ZdZ (2-1l) 

Upon performing the integrations called for in (2-14) and 
(2-15), expected tonnage and expected grade are each a 
specific function of TRC. CMC. and CCC. let us identify 
these functions as ~I and ~2 of (2-7) and (2-8): 

T ~ ~I (TRC, CMC, CCC) 

Z = ~2(TRC, CMC. GCG). 

Specifically. the form of the functions ~I and ~2 were 
specified as equations that were linear in logarithms; their 
coefficients were estimated by regression of tonnages and 
grades developed by the simulation upon the transportation 
variables. Thus. for the estimation of potential supply. we 
have the following equations: 

~ - j i A
T=Ao(TRC) I(CMC) !(CCC) ", 

- - -
Z = Bo (TRC)Bl (CMcl' (CCC)B., 

(2-16) 

(2-17) 

/Sj = (II:J/rj) AoBo(TRC)A1+B1 

X(CMC)A.+iJ'(CGC)Aa+iJ. + e
l . . ... (2-18) 

- -- a1 "'I 

P~j = (hiJr1)AoB~(TRCt(CD) (TD) 

_WIW! -YlY! 
x (CCC),",(CD) (TD) (CCC),(CD) (TD) +e~ 

.....•• (2-19) 

where el • e2 are errors in the estimation of PSj by isj • 

In a subsequent section of this paper, an equation of the 
form of (2-19) for one of the cells and an estimate of the 
potential metal supply of the entire northcrn Sonora area 
(allowing for transportation costs) arc presented. 

THE TRANSPORTATION MODEL 

The representation of topographic features within the 
computer 

DlGlTlZINO OF TOPOGRAPHIC MAPS 

The major characteristics of the terrain ean be readily 
observed by visual examination of a topographical map. 
When a decision concerning the path of a road has to be 
made, a quick scanning eliminates many possible routes and 
focuses-uporr·pathsthat-are-feasible; 'fhis-scanning-isfollowed
by more detailed examination and calculation in order to 
select the best of the feasible paths. In the present study, 
the computer made the decisions on the paths of railroads or 
roads. A means for examining the topographic features of 
the terrain internal to the computer was therefore required. 
There are two basic schemes by which this can be done. One 
of them is by expressing the topography by a mathematical 
equation (trend surface equation) and the other is by repre-
senting the topography by an array of points. Either way, it 
is necessary to digitize the original topographical maps. 



Topographical maps of the study area (Northern Sonora) 
were digitized; that is, the Cartesian c()-()rdinates of Jl'Oints on 
the maps were measured to a hundredth of an incb in relation 
10 a predetermined origin. Points were selected foHowing Hie 
contours, and no interpolat ion was made between thecontours; 
consequently a set of unequally spaced poims was produced. 
Theco·ordinates of these points and their associated elevations 
served as inputs to the trend surface program which calculated 
the mathcJIUltical expression of the topogl1lphy. 

TIUINO SUM fACE INTt:RPOLAT10N ON DIGITIZED DATA SlITS 

The representation of the topography of the area within 
the computer was first approximated by the use of trend 
surface equations. The numerical methods required for 
computing trend surfaces have been described in detail by 
Krumbein and GraybiU (1965) and Harbaugh and MelTiam 
(1968). 

The rationale behind a trend surface equation seems to 
fit the purpose eDvisioncd adequately. However, in practice, 
its accuracy in selecting transportation routes is dependent 
upon how well the trend surfnce equation fits the actual 
topography. Therefore, the adequacy of representation was 
investigated. 

It was found that for a very f;impie group of contours the 
goodness of lit of the twelfth-order trend surface was 
satisfactory; nowevcr, for a large area like that under study, 
it failed to rdicet some o f the most striking topographical 
features. Fur thermore, high-degree polynomials induce 
features no t present in the original data (polynomial 
fluctuations). Therefore, the internal representation of the 
topography of the study area by a trend surface equation 
was abandoned and the search for an alternative was initiated. 

Oll.THOOONALlZATIoN Of DlOfTlZED DATA SRTS 

The alternative selected cons~sted of representing the 
topography by 11 two-dimet'lsional matrix of elevations. This 
required generation of elevations on an orthogonal grid from 
the unequally-spaced dnta. Again, a point of concern is the 
adequacy of represellllltion of the original features by the 
interpolated ortbogonaJized data, 

Orthogonalizing of the set of points makes available the 
elevation of the terrain at every intersection of the grid. 
The finer the grid, the greater the number of intersecting 
points and the bettcr the representation. In practice, a very 
fine grid is not advisable becnuse computer time increases 
fourfold when the side of a grid square is halved. 

The generation of nn orthogonal 8Ct of data points from 
an irregular set of points requires an interpolation procedure. 
Many diffcrent estimating scheme.! have been applied to this 
general problem. Two common schemes are simple averaging 
of adjacent points and estimatiOJl by a local 1east~squares 
polynomial surface 6t to the points surrounding each grid 
iotenection. 

Sectioos of a conlputer program for automatic contouring 
by Dooald Mclntyre, et ai, (1968), were adapted to the system 
360 model 67 available at the Pennsylvania State University. 
The section of the computer program where the orthogona
lizing of irregularly-spaced data points takes place was made 
available for the construction of the grid of this study. For 
details see Euresty (1971). 

The orthogonalized system produced by the method 
described was plotted and compared with the original 
topographical maps. The results were highly satisfactory and 
were improved by a slight reduction in the size of the grid. 
Thus, the grid computed fulfills the condition of giving a 
fair represcntation within the computer of the topographical 
features of the study area. 
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Besides the fai r representation of the. topography, the 
grid computed has :10 inherent characteristic of special 
importam:e. Every point of the grid has an elevation estimate 
that is easily referenced and is readily available for fu rther 
analysis. Such a characteristic becomes of primary importance 
when a path is being selected, because it facilitates route 
section computations from point to point within the grid. 

Mulrisrage oprlmization (d}'nomk programming) 

GENERAL PERSPECftVE 

As described in the previous section, the topography of 
the study area was represented within the computer by the 
orthogonlllized set of elevMions. The existing transportation 
network was represented within the computer either by 
regression equations or by sets of points. Regression equations 
were employed to describe the transportation routes when 
the configuration of the route was simple, and a good fit 
could be obtain~d. Others were represented by sets of stored 
pai.rs of co-ordinates taken along the full length of the 
transportation routes. 

The selection of a path from the cell to the market (from 
the cell to the main transportation network) by dynamic 
programming as employed in this study is restricted to 
scgments of the grid; that is, the roule cannot cut across the 
grid network. Therefore, the selection must be considered 
as a di~rete approximation to a mill imum-length path under 
existing topography. It was limited 10 a search for the 
minimum-length path without introducing additional alter
natives, such as excavation. To avoid impassable routes a 
maximum allowable gradient was introduced as a constraint. 

In practice, if the tonnage to be shipped from the mineral 
deposit is large enough, a shorter route that requires excavation 
may be walTanted. That is, shipping cost (total over time) 
could be reduced by a greater expenditure on construction. 
However, to simplify the analysis no provision was made for 
excavation. 

The connection of the two points can be made by any one 
of a set of different paths varying in length and direction. Of 
al1 the feasible paths between the two points that overlay the 
grid, tile one with the minimum length and a gradient no 
greater than four per cent was to be selected as the optimum 
onc. The different feasible paths through the grid connecting 
the two extreme points and the different directions a path 
can take after crossing ~ny one of the grid intersecting points 
complicates the search for the minimum length path. The 
requi.red distance from one grid intersection point to any 
other (keepillS a gradient of four per cent or less) was the 
real distance by which the path was incremented when any 
two grid points are connected. 

If the distance of all the feasible connections among the 
interse<:lion points are determined, it is possible to calculate 
the lengths of aU the feas ible paths throughout the grid 
connecting any two points. Finally, the one with the minimum 
length can be selected from the group as the optimum path. 
However, this exhaustive search, which R:quires examining 
aU possible paths, is very time-consuming. 

GENIlRAL D£SCRIPTION Of THE PRfNC1PLIl OF 

DYNAMIC l'kOOR.AMMING 

Let us call the path connecting any two extreme points a 
policy, and a continuous section of a path a subpolicy. 
A finite number of policies exist between the two points; 
among these, there is one whose length is the smallest thus 
becoming tbe optimal policy. In order to get an optimal 
policy, the path from point to point within the grid must be 
examined so that optimal subpolicies are maintained 
throughout the path. In other words, in order to get an optimal 
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policy out of the system it is necessary to work by stages or 
sequences. 

Dynamic programming is a mathematical method for the 
optimization of systems characterized by stages or sequences. 
The basis of this method is the theorem of optimality 
formulated by the American mathematician Richard Bellrnan. 
This theorem of optimality has been enunciated in the form 
of a general principle: 

A policy is optimal if, at a stated period, whatever the 
preceding decisions may have been, the decisions still to 
be taken constitute an optimal policy when the result 
of the previous decision is induded (Kaufman, 1967, 
p. 79). 

Let us take a small section of the grid representing the 
topography of the study area (Fig. 3) and define the following 
symbols: 

X o, Xl' Xl"'" XN = State variables 
d1,d2,d3,···,dN 
VI(XO,XJ 

[,(XJ 

fll(Xa') 

fm(XJ 

fiv(XJ 

x, 
4 

D 

x, 
2 

B 

x., 
1 

A 

= Decision variables 
= Distances associated with state variables 

of stage I 
~ Optimal returns associated with decision 

variables of stage I 
= Distances associated with state val'iables 

of stage Il 
~ Optimal returns associated with decision 

variables of stage IT 
= Distances associated with state variables 

of stage III 
= Optimall'eturns associated with decision 

variables of stage lIT 
= Distances associated with state variables 

of stage IV 

= Optimal returns associated with decision 
variables of stage IV 

x, x, 
7 

G 

5 

E 

3 6 111/ 

C F 
/ 

I "/ / 
/ / 

Fig. 3, Stages, decision variables, alld associated retul'lls. 

The state variables do not acquire numerical values. They 
are defined at each stage by the appropriate vertices falling 
on the state variable line, that is, associated with state 
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variable Xl we have vertices or intersections Band C (Fig. 3). 
A decision variable implies the transfer from a grid point 
(vertex) to any other grid point, that is, from A, a path can 
go to either B or C. Such transfers can be feasible or non
feasible. A nonfeasible transfer is illustrated by the decision 
to go from C to D. For every decision variable there exists 
an associated return. Such returns are l'epl'csented in this 
case by the distance required to connect a vertex to any other 
vcrtcx, keeping a desired gradient. A stage, then, consists of 
state variables and decision variables, the former defined by 
vertices and the latter depicted by the choices involved in the 
transfer from vertex to vertex. 

The optimal returns associated with stage I of Fig. 3 are 
then given by: 

fl (XJ = minimum [VI (Xl), Xl)], (3-1) 

sinee Xl can take on vertices B or C, we have 

(3-2) 

0' 

fr(X l ) = minimum [VI (A,B), VI (A, C)]. (3-3) 

The optimal returns associated with the decision variables 
of stage 11, considering that stage I is operated optimally 
as a function of its inputs, are given by: 

fi,H(X:) ~ minimum[Jr(Xl)+v2(Xl>X2)]' ... (3-4) 

where X 2 takes on vertices D, E, and F. Substituting we 
have, 

Au(D) = XI:~,c[fi(XJ + V2(XI,D)J . . . (3-5) 

Ji,n(E) = X
l
:

i
;, c [fi (Xl) + V~(Xl,E)] (3-6) 

Ji,u(F) "" Xl:~,c[fI(XJ+V2(Xl>F) ] ... (3-7) 

Some of the decision variables in this example are nonfeasible 
at this stage, such as the ones from C to D, and from B to F. 
In order to facilitate computations. the nonfeasible decisions 
are assigned very large values, since we want to minimize 
distance. By this means wc ensw'c that the nonfcasible 
decisions will never be selected. 

At stage Ill, the optimal returns associated with the 
decision variables are given by: 

since X 3 takes on vertices G and H, we have 

fr,u,nr(G) = X 20

m
D
in 

E F [fr.n(X2) + vs(X2,G)] . " 

Md 

min [ ] Ji,n,m(H) - X =D E F fr.n(Xz) + va(X2,H) , " 

(3-8) 

(3-9) 

(3-10) 

Finally, for the grid of Fig. 3 the optimal returns of the 
last stage are given by: 

min [ J fr,n.III.Iv(X,) = X 3 ~G, H fr,n.nr(Xs) + v,(Xs,X, ) 

(3-11) 



The state variable X 1 takes on only vertex T, thus 

h,U,IlI,IV(l) = min [iT,U,1lI (X a> +)'4 (G,!)J (3-13) 

On thc last stage the optimal subpolicy selectcd becomes 
the optimal policy; tills policy is made up of optimal sub
policies selected throughout the stages. The optimal policy 
estimated is computed by adding up the optimal subpolicies 
encountcred at every stage. This particular characteristic is 
conformable to the dynamic programming methodology of 
optimization. For theory and details of dynamic programming, 
the reader is referred to Nemhauser (1967). 

MULTI~'TAGE OPT1MIZATlON PROGRAM 

In general, the Multistagc Optimization Computer Program 
estimates the minimum length path betwecn two poinls 
throughout a given grid network, A; where A is a part of B 
and B is the entire study arca grid network. Given the 
co-ordinates of the center of a cell the computcr program 
determines first the co-ordinates of a point on the means of 
transportation available. Such point is the one located closest 
to the center of the cell. Having these two points properly 
identified, their relative locations within the cntire area grid 
arc computed and adjusted, so that thc subset grid A can be 
limited and separated from the entire area grid. 

The subset A contains a finite number of paths throughout 
the sectional grid communicating the center of thc cell to a 
point on the existing transportation network. Among these, 
there exists one connecting the points at a minimum distance. 
In order to identify this minimum distance path, it is nccessary 
to examine the lcngths of all of thc feasible paths. These paths 
are of different lengths, because the real distances between 
thc elements of Aarecomputed by considering their differences 
in elevation and the stipulated gradient constraint. The 
indicated variation of length bctween the elements reflects the 
changcs in topography or configurations of the terrain. 

The computer program is not limited to only one multi
stage optimization for a given cell, but no more than three 
minimum-length paths covering different nearby terrain 
sections are estimated. Everyone of the estimations indicated 
has its own subset grid A, so that the individual paths are 
projected through different terrain withonlya few overlapping. 
Thc different paths estimated are independent, so that a 
comparison among the three to select the one giving the 
minimum length is required. 

The first path estimation covers the subarea between the 
center of the cell and the closest path to it belonging to the 
transportation network. The second estimate is done in two 
steps. First, an intennediate point between the first two, but 
lying outside the subarea covered by A, is selected (tills point 
is not on the existing network of roads) and then a multistage 
optimization between the center of the cell and the newly 
.selected.poiut is. mmputed (this selects the path to the new 
intermediatc point). Second, a search is conducted for a 
point on the transportation network (by shortest straight 
line distance criterion) to connect with thc intermcdiate 
point, and another multistage optimization computation is 
done, covering the subarca enelosed by the intermediate 
point and the point just selected on the transportation network. 
The third path estimation is quite similar to the second one, 
but the intermediate point selectcd lies in the opposite direction 
to the one selected for the second estimate. Of these paths, 
the one of shortest distance is selected as the path for the 
tnmsportation link. 
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Thus, for any given cell the computer program provides: 
(i) tho minimum-length path that is required in order to 
connect the cell to the transportation network, together with 
its directions throughout the grid, and (ii) the total transport 
distance to reach the market or trans-shipment point; this 
includcs thc transport distance along the path to be constructed 
plus the distance along the existing transportation network. 

ANALYSIS 

Conditions 

Occurrence of deposits, exploration for deposits, and 
exploitation of those deposits discovered were simulated 
under various levels of the pertinent transportation vari<1.bles, 
TRC, CMC, and CCe. All other economic variables, such as 
exploration expenditures, pricc lcvel, capital costs, discount 
ratc, and ovcralllcvel of operating costs were held constant. 
This does nol mean, for example, that operating and capital 
costs were the same for every deposit, nor does it mean that 
the stochastic properties of the estimated cost functions were 
ignorcd. On the contrary, the operating and capital costs 
were defined, where applicable, to be functions of the tonnage 
of the simulated deposits, and a random error tcrm consistcnt 
with the standard error of each cost equation was added to 
the estimated cost. When it is stated that capital costs and 
operating costs were held constant, this means that thc 
relationships of the basic cost equations wcrc cmployed, rather 
than modifying the costs by multiplying the basic relationships 
by some selectcd constant. Similarly, an average exploration 
expenditure was employed as typical of a regional exploration 
program. However, the results of exploration for a given 
deposit varied according to its tonnage and the effect of a 
stochastic crror term (see Harris, et al., 1970; Euresty, 1971). 

The basic construction cost employed in this study was 
that of a crushed stone surfaced road in Mexico, about 
$26 000 pcr mile. The basic carrying rate employed was 
0.021 $/ton~mile. 

Efasticities 

Inasmuch as the effect of transportation upon potential 
metal supply was the objectivc of this study, a sensitivity 
analysis was performed by varying the transportation 
variables and observing the output of thc sinlUlation model. 
Of course, the effect of transportation on metal supply 
varies with the cell, depending upon the metal endowment 
of the cell, terrain, and location. However, a more general 
analysis of cells was performed by changing arbitrarily the 
transportation construction distance and the carrying 
distances. Statistical analysis of the output of the simulator 
yielded response functions of tonnage and grade of ore as a 
function of the transportation variables and the construction 
and carrying distances. The following equation defines the 
expected metal supply of cell 39, conditional upon the basic 
relationships of the economic variables: 

(4.1) 

• 
where PS, is the estimated potential metal supply in units 
compatible with r" TD is the transportation distance in units 
of 100 miles, CD is the construction distance in units of 
100 miles and TRC, CMC, hj, and rj are as defined 
previously. 



The variable representing government sharing of construction 
cost does not appear in the equation because in a statistical 
sense it was not a significant variable (five pcr cent level of 
significance), given the necessary simultaneous estimation of 
coefficients of TRC and CMC. In order to explore the 
properties of this equation, Jet us assume that carrying 
distance is 400 miles and construction distance is zero. In 
this case the potential metal supply is a function only of 

h;, r;, and TRC: 

36.2 

(4-2) 

Now, suppose that the carrying distance is decreased to 
200 miles: 

6.03 

(4-3) 

The elasticity of potential metal supply with respect to TRC 
decreases correspondingly from about 5.1 to about 0.85. 
This is equivalent to saying that given a carrying distance of 
400 miles, a 100 per cent increase in transportation rates 
(charge per ton-mile for concentrate) decreases potential 
metal supply by 510 per cent. For a carrying distance of 
200 miles, the [00 per cent increase in transportation rates 
decreases the potential metal supply by only about 85 per 
cent. 

Because of the small exponent of CD, the elasticity of 
potcntial metal supply does not increase as rapidly for 
increased construction distances as does the elasticity with 
respect to carrying rates. However, because of the small 
denominator in the exponent of CMC, small to moderate 
construction distances are scen to have a greater impact 
upon supply than do small to moderate transportation 
distances. In the case of TD=CD=100 miles, the elasticity 
of supply relative to TRC is -1/7.12, while relative to CMC 
it is --1/2.14. Because of the definition of TRC and CMC 
as multiples of basic cost schedules, equation (4-1) is not 
meaningful (from the point of view of elastidties) for TRC 
or CMC = 1.0, for at these levels potential metal supply is 
invariant to transportation and construction distances, 

Potential supply of cell 39 

For comparative purposes, let us evaluate the potential 
supply of cell 39 under the following states of the variables 
and parameters: TRC=1.5, CMC=1.5, TD=400milcs, 
CD=50 miles, hI =1.0, 112 ""h , =II~ =116=0, r1 ~ S0.56/1b. 

In the above set of conditions 111 and r1 refer to copper, 
The implication of setting h2""'h g =h4 ~h5=0 is that 
potential metal supply will be in terms of copper equivalent. 
This will allow the comparison of expected potential metal 
supply to expected metal endowment. 

.<> (7 x 10S)(1.5)-O,s0(1.5)-o.e2 
PSI = (0.56) ,.. 690 600 000 lb. 

Referring to Fig. 2, the expected metal endowment for 
ce1l19·tn terms of copper equtwlem :ls from 4·000-000-000·to 
6000 000 000 lb. Taking the mid-point of this range, it 
appears that the potential metal supply of cell 39 for the 
conditions specified is approximately 14 per cent of that 
expected to occur in the cell. If construction and transportation 
distances were near zero, the potential metal supply would 
approach 1 200 000 000 lb. 

Adequacy of existing transportation network 

To test the adequacy of the existing transportation network, 
the potential metal supply of the cells of the study area was 
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evaluated by simulating the supply of metals using the 
transportation links of each cell to the existing transportation 
network (see Fig. 2). These links are the paths determined by 
dynamic programming. Concentrates of the simulated 
deposits were transported south to Hermosillo. 

In general, the existing transportation network is fairly 
well situated, as it passes through the richly endowed areas 
(see Fig. 2). This was verified by the coefficients of the trans
portation variables in the potential supply functions for the 
cells. Only minor construction was required to connect the 
rich cells to the existing network. Consequently, the elasticity 
of potential supply relative to the multiple of construction 
costs was small for most cells. The effect of transportation 
rates, while greater than construction costs, was also moderate; 
the elasticity of potential supply relative to TRC never 
exceeded 40 per cent. 

Concentrates from deposits in the southeast part of the 
stndy area must be transported north across the United 
States-Mexican border, then west, before they can be 
transported south to Hermosillo. Naturally this is a much 
longer route than would be direct shipping south to 
Hermosillo, but there is no major transportation link south 
to Hermosillo, except an old unsurfaced road. In view of 
this indirect shipping route for some of the cells, it seemed 
appropriate to use the model of this study to dctermine if 
construction of a surfaced wad from Nacozari to Hermosillo 
and construction of the links from the pertinent cells to the 
road could be justified by the benefits of a shorter carrying 
route. Only three cells were considered: cells 51, 52, and 53. 
The discounted benefits to potential metal supply from 
these three cclls outweighed the costs of construction by 
approximately $2000000. For details of the analysis, see 
Euresty (1971). 

Potential supply of the study area 

The potential supply of the entire study area was determined 
for the standard economic conditions and for the basic 
carrying rate and construction cost, given the existing 
transportation network and required links. Estimation of the 
expected quantity of each of the five meta Is that would be 
supplied was based upon the assumption that the proportions 
of value of tbe metals in ore discovered in the future on the 
average will be similar to the proportion of value of metals 
in ore produced from Arizona and New Mexico: 

Copper 
Zine 
Gold 

0.26303 
0.14066 
0.13196 

Lead 
Silver 

0.21115 
0.25321 

These value proportions arc based upon 1968 prices; conse

quently hj and rj were determined, based upon 1970 prices , 
since these were the prices used in estimating Z. The results 
of this analysis of potential supply are as follows: 

Copper 
Lead 
Zinc 
Silver 
Gold 

7 709 000 metric tons 
10314000 metric tons 
6951000 metric tons 

76498 000 kilograms 
1 764 000 kilograms 

CONCLUSIONS 

The analysis of metal endowment indicated an expectation of 
1031 000 tons of copper equivalent per 4OO-square mile cell 
of the study area, orequivalentiy, 132 000 000 000 lb of copper 
equivalent for the entire area. Simulation of exploration and 
exploitation, with special provision for including costs for 
construction of required transportation links and the cost of 
transporting concentrate to HermosilIo, indicated a potential 
supply of approximately 34000 000 000 lb of copper 



equivalent. Thus, the requirement that only deposits discovered 
in the simulation that were economic to dcvelop and produce 
would contribute to potential metal supply reduced potential 
supply to about 26 per cent of the metal endowment. The 
remaining 74 per cent of metal endowment either was not 
discovcred by the simulated exploration, or it was not 
economic to develop and produce. 

Analysis showed that the existing transportation network is 
reasonably well situated with respect to the richly-endowed 
cells, required linkages from the cells to the network in most 
cases being short. For many of the cells, additionaL expendi
tures on major transpOliation arteries would not increase 
potential metal supply greatly. Potential metal supply from 
the clustcr of cells in the southeast quadrant of the study area 
could be increased by construction of a road from Nacozari 
to Hermosillo, Mexico. Currently, concentrate must follow a 
long, indirect route to arrive at HermosiLlo. A cost-benefit 
anaLysis of the construction of a crushed stone surfaced road 
to Hermosillo indicated that benefits accruing from only 
three of the cells in that area morc than offset the costs. In 
practice, additional benefits would accrue from other cells 
in that area. 

Allowing for transportation effects and current economic 
factors and assuming a metal suite similar in proportions to 
that of Arizona and New Mexico, potential metal supply 
was estimated to be 7 709 000 metric tons of copper, 10 314000 
metric tons of lead, 695 I 000 metric tons of zinc, 76498 000 
kilograms of silver and 1 764 000 kilograms of gold. 

An analysis of elasticity of potential metal supply indicated 
that supply is considerably more elastic to carrying charges 
than to construction costs. The size of the elasticity is a 
function of many factors, such as the grade and tonnage of 
the deposits in the cell, operating and capital costs, discount 
rate, location, and terrain. It was found that the computer 
model of this study could be used in a sensitivity analysis 
so as to generate quantities that could be analyzed statistically 
to yield response functions that define potential metal supply 
as a function of carrying charges and construction costs. 
These response functions provide insight into the effect of 
transportation upon potential metal supply. 

Admittedly, because of assumptions and simplifications, 
there are many distortions of the real world in the model of 
this study. Actually this study constitutes no more than an 
initial probe into the problems of modelling potential metal 
supply with an explicit treatment of transportation. 
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