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An important feature affecting the classification of a remotely sensed scene 
is that the data are, in general, spatially correlated. Various approaches are 
discussed towards incorporating the correlation between neighbouring pixels 

when they are classified on the basis of their spectral reflectance data. 

Introduction 

In the remote-sensing context, clas-

sification refers to the process of 

allocating pixels in a scene to one of a 

number of distinct classes or groups on the 

basis of the spectral (and possibly other) 

data associated with each pixel. Generally 

speaking, the classes correspond to the 

di fferent geographic features or land--use 

patterns of the terrain covered by the 

scene. 

A common assumption made in classification 

studies is that the data vectors associated 

wi t.h different pixels are independent and 

follow a multivariate normal distribution, 

with mean vector varying from class to 

class, but with a common covariance matrix 

over all classes. Under these assumptions, 

it turns out that the function that 

discriminates optimally between the 

different classes by minimizing the 

probabili ty of misclassification - is the 

linear discriminant function. Essentially, 

this function is 

combination of the 

a weighted linear 

elements of the data 

vector, the weights depending on the common 

covariance matrix and the mean vector of the 

class in question, plus a constant function 

of the class mean and the prior probability 

of the class. The (Bayesian) classification 

rule based on this funtion is to allocate 

the data vector to the class for which this 

function is a maximum. 

Specifically, denoting the j-th class by 

11 ., if z denotes the data vector associated 
J -

with a pixel, then the pixel is all ocated to 

that class 11. for which 
1 

u. (z) "- max u. (z) [1] 
1 - j:::cl, .... ,k J -

where u. (z) -1 -1 en = Z'L, /::!. %f::! '.2: /::!. + 

and 

J - - J J J 

P ~, 
J 

/::!. is the mean vector, 
J 

2: is the common covariance matrix, 

p. is the prior probability of class 11. 
J J 

k is the number of classes 

represented in the scene. If the 

prior probabilities all p. 
J 

are 

equal, then the last term in u.(z) 
J -

falls away. 1 

To implement the above allocation rule to 
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classify a scene, values have to be assigned 

to the parameters L:, JJ. and p., j=l, .... ,k. 
J J 

Given training samples in the scene, for 

which the true class (or ground truth) are 

known, the mean vector e.. can be estimated 
J 

from class mean vectors, and L: can be 

estimated from the pooled within--groups 

covariance matrix. The prior probab:ili ties 

p. are commonly assumed to be equal for all 
J 

classes; otherwi.se they can be estimated 

from the relative frequencies of the 

different classes jn the training samples if 

these are representative of the scene as a 

whole, or from (~xternal information about 

the scene. 

In two important aspects remote-sensing 

data gell(~rally do not satisfy the assump

tions on which the above classification rule 

is based. Firstly, the data vectors are not 

independent, and secondly, the covariance 

matri ces of the di fferent. classes are often 

not equal. On the other hand, the assump--

tion of multivadate normality IS usually 

acceptable for remotely sensed spectral 

data. 2 

Under the heteroscedastic (unequal 

covariance matrices) normal model, the 

optimal discrimination between classes is 

achieved by a quadratic function of the data 

vector, most conveniently expressed in terms 

of the Mahalanobis distances 

-1 
6~(z) = (z-u.)'L:. (z-u.), 

J ~ ~ ~J J ~ ~J 

from each of the classes ll., ,jool, ... ,k. 
J 

The pixe1 is then allocated to that class 

ll. for which: 
J 

cS~(z) +I!n IL:.I - 2 en p. 
J ~ J J 

[2] 

is a minimum, where ILj I is the determinant 

of the covariance matrix of the data from 

ll .. 
J 

Drawbacks to this quadratic assignment 

rule are that it is slower to compute than 

14 

the linear rule (l) and that its performance 

is generally more sensitive to departures 

from normality. 3 

An interesting observation in this context 

is that although the covariance matrices in 

the different classes may differ, lhis 

difference is usually due to differences in 

the standard devi ahons of the i ndl v.i dual 

reflectances rather than in their cor-

relation matrjeer-L Th:is feature has obvious 

advantages as regards parameter estimation, 

and may also be exploited to speed up the 

computations. 

This paper concent.rates on the first t.ype 

of departure from the assumpt ions, llame ly 

that of non-j ndependence hetw(~(m Uw data 

vectors in neighbouring pixels, commonly 

referred to as spat] aJ dependency. 

Spatial dependency between pixels may 

occur because of scattering of the reflected 

electromagnetic rays on the surface of the 

earth, part.:icuJarly JTl broken terrain, 

causing contaminatioll of the reflectances in 

H pixel by those of nelghbourj ng pi Xf!] s_ 

This contamination of the spectral dat.a can 

be aggravl:lled by some forms 

processing of the image data, such as 

'oversampling' and 'resampling'. A discus-

sion of these forms of preprocessing, as 

well as of their effects 011 the spectraJ 

data, is given in E1phinstone et 81.2 

Another cause of spatial dependency is thr~ 

spatial continuity of the ground clHssesin 

most remotely sensed scenes, as a result of 

single geographic features or 1and--use 

pat terns tending to comprise larger areas 

than that covered by a s ingl e ( or even a 

few) pixels. Thus, even if we ignore the 

contamination aspect, the spectral data from 

neighbouring pixels will not be independent 

although, given their ground classes, they 

may be. (This is referred to as c1ass-

conditional independence.) 

Spatial dependency can affect the 
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performance of the allocation rule in two 

ways. Firstly, the observations in the 

training samples will not be independent, 

resulting in a biased estimate of the 

covariance matrix!. Lawoko and McLachlan 4 

show that positive serial correlation in the 

training samples increases the clas

sification error rate, and Foglein and 

KittlerS show that if the pixel dependencies 

can be modelled by an ARMA process, then 

class separability, and hence the clas

sification error rate, can be improved by 

decorrelating the observations. 

Clearly, one way of getting around the 

dependencies in the training samples is to 

select the pixels so that they are 

suff:iciently far apart for the correlation 

between their data vectors to be negligible. 

While this will improve the sampling 

efficiency, it may lead to difficulties in 

obtaining the ground truth information for 

these scattered pixels. 

The second way in which the spatial 

dependency can affect the performance of the 

allocation rule is in the actual 

classification process itself. Both linear 

(1) and quadratic (2) allocation rules 

operate on the scene on a pixel-by-pixel 

basis, each allocation being based purely on 

the data associated with the pixel. 

independently of the data or classifications 

of the neighbouring pixels. Since this 

procedure takes no cogn:izance of any local 

spatial cont inui ty of the true ground 

classes, it tends to produce classification 

maps that are 'patchier' than the true 

scene. 

The various approaches towards contextual 

classification dif';cussed in this paper 

attempt to incorporate both the spatial 

dependencies between the data from 

neighbouring pixels. and the local spatial 

continuity of the ground classes into the 

allocation rules to produce classification 

maps that more closely fit the true ground 

classifications in the scene. 

In the next section. various approaches 

involving some form of 'pre-smoothing' of 

the data are discussed, including those 

using geostatistical concepts for obtaining 

smoothing weights. all of which attempt to 

incorporate the spatial dependencies amongst 

neighbouring pixels by smoothing their 

associated (spectral) data. Whereas these 

forms of smoothing are all applied to the 

data prior to classification, 'post

smoothing', which is discussed next, is 

applied to the actual classifications, or to 

the classification probabilities of each of 

the pixels. This form of smoothing therefore 

takes cognizance of the spatial continuity 

of the ground truth classes. Included under 

this heading is a 'two-pass' approach, in 

which pixel-specific prior probabilities for 

the various classes estimated from the first 

pass are used to classify the pixels in the 

second pass. 

Contextual classification based on 

explicit models of the spatial dependency is 

discussed in the following section. Three 

types of models will be discussed. The first 

type directly models the correlation 

structure of the reflectances in 

neighbouring pixels, to which classical 

discriminant analysis procedures, such as 

the linear and quadratic allocation rules 

described earlier, can be applied. The 

second type models the spatial variation of 

the ground classes themselves and 

incorporates these models into the Bayesian 

classification formulation together with 

class-conditionally independent models for 

the spectral data. The third and most 

complex type of spatial dependency model 

incorporates models of both the spatial 

variation of the ground classes and the 

spatial dependency of the spectral data. 

Several of the contextual classification 
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algorithms discussed in this section are, in 

their present state, far too heavy 

computationally to be of practical interest 

to the remote-sensing community. Simplifi

cation of their models, as well as their 

implementation on fast parallel processors 

may, however, change this picture. 

For the purpose of the discussion, the 

simple five-pixel neighbourhood, shown in 

Figure I below, will generally be used to 

illustrate the various contextual 

classifiers considered. This consists of 

the pixel of interest, numbered 1 at the 

centre of the figure, with its four closest 

neighbours, nominally along the 

principal directions of the compass. 

four 

When 

the pixel of' interest is allocat.ed using a 

contextual classifier, only the pixels 

within the neighbourhood are taken into 

account. 

3 

2 1 4 

5 

FIGURE 1. The simple five-pixel neighbourhood 

Clearly, other forms of neighbourhood could 

also be considered, such as the nine-pixel 

neighbourhood, which, in addition to the 

four nearest neighbours, also includes the 

four corner pixels that are next closest to 

the pixel of interest. Most of the ideas 

discussed below, with appropriate 

modifications, hold for other forms of 

neighbourhood, the main cost associated with 

using larger neighbourhoods being 

computational time. 

16 

Only supervised classification, in which 

the training samples are based on ground 

truth information, is considered in this 

paper. Furthermore, as the object is to 

present the mathematical and statistical 

concepts underlying contextual clas-

sification, no consideration is given to 

their incorporation into image-processing 

systems, and computational experience with 

them is only discussed briefly. Contextual 

classifiers that incorporate external or 

subjectively assessed information, such as 

the ECHO (Extraction and Classification of 

Homogeneous Objects) process of Ket ti g and 

Landgrebe 6 in which homogeneous objects that 

are large compared to the pixel size are 

identified and classified simultaneously, 

will not be considered. 

Pre-smoothing the reflectances 

One of the simplest methods of jncorporating 

contextual information into the 

classification process is to smooth the 

reflectances of a pixel using those of its 

neighbours, that is to replace t.he 

reflectance vector of the pixel by a 

weighted average of those of the pixeJs in 

its neighbourhood. 

For example, the weighting scheme 

which corresponds to the 

numbering system in Figure 1. gives equal 

weight to the reflectances in the central 

pixel and to the average of the reflectances 

of the four surrounding pixels. 

A general, symmetrical weighting scheme 

would be of the form: 

{1-4p,p,p,p,p}, with p ~ ~. 

A method for establishing a value for p 

would be to apply kriging weights (Krige") 

obtained from the semi-variograms fitted to 

the spectral data from training samples from 

contiguous areas of the scene. Problems 
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associated with using this geostatistical 

approach for smoothing the reflectances are: 

(a) Since the semi-variograms of the 

different spectral bands are unlikely 

all to be the same, it would imply that 

different values of p would be applied 

to the different spectral bands. 

Whereas the multivariate structure of 

the data vectors could be incorporated 

into the weighting process via co

kriging, a simpler approach would be to 

obtain a single set of weights from the 

semi-variogram of the first canonical 

component of the spectral data. 

(b) Since the kriging estimator is an exact 

interpolator, the geostatistical 

approach, if strictly applied, will 

assign zero weights to all neighbouring 

pixels and thus not smooth the data at 

all. 

One way to overcome this problem would 

be first to obtain the kriging estimator 

for the central pixel using the 

reflectances from its neighbours alone, 

via any of the methods described under 

(a) above. The estimated and actual 

reflectances could then be combined via, 

say, canonical variate analysis. 

Cc) By using the above symmetrical weighting 

scheme, possible directional effects in 

the image are not taken into account in 

the smoothing process. However, since 

Elphinstone et al.2 have found strong 

evidence of such anisotropy in spectral 

data, possibly as a result of 

preprocessing of the image, it is 

recommended that this be taken into 

account in the weighting scheme. A 

simple non-symmetrical weighting scheme 

for the neighbourhood given in Figure 1 

would be: 

{1-2(p+q),p,q,p,q} with p+q ~ t. 

The weights p and q could then be obtained 

from separate semi-variograms for the 

'east-west' and 'north-south' directions, 

respectively. 

A more refined weighting scheme could be 

obtained by using two-dimensional 

semi-variograms, accounting for all 

directions at once. 

Smoothing the reflectances wi 11 tend to 

produce classification maps in which changes 

from class to class happen more smoothly, 

yielding more contiguous classes and fewer 

pathological pixels classified differently 

from their neighbours. On the other hand, 

smoothing will also lower the resolution of 

the image, resulting in smoother class 

boundaries than those possibly existing on 

the ground, and ~ven eliminating some 

boundaries altogether. 

Post-smoothing the classification maps 

In contrast to the pre-smoothing techniques 

discussed above, post-smoothing techniques 

attempt to smooth the clas-sification maps 

that have been produced by ignoring any 

contextual information, on the assumption 

that smoothness is inherent in the true 

ground classes of the scene. The most 

obvious way of doing this is to reclassify a 

pixel into the class in which most of its 

neighbours fall. One problem associated 

with this approach is that of resolving 

pixel classifications near class boundaries, 

where neighbours on different sides of the 

pixel fall into different classes. 

A statistically more satisfactory approach 

would be to perform the post-smoothing on 

the (posterior) classification probabilities 

of the pixels. These probabilities are a 

product of Geisser's8 predictive approach to 

discriminant analysis and give the 

probabilities of a pixel having been derived 

from each of the k classes. A pixel is 

assigned to the class corresponding to the 
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highest probability, while the sizes of the 

probabilities corresponding to the other 

classes give an indication of how much 

confidence should be placed in the clas-

sification. Formulae for computing these 

probabilities in the multivariate normal 

case are given in Geisser, e as well as in 

Fatti, Hawkins and Haath.l 

Smoothing the classification probabilities 

may be done in exactly the same way as the 

pre-smoothing of the reflectances, usually 

by some form of weighted averaging, with the 

weights possibly obtained by kriging. In 

order to obtain a more appropriate scale for 

applying the kriging, Hawkins 9 has suggested 

that the logit transformation be applied to 

the classification probabilities p.: 
1 

p. 
Z. ~ en(~), i=l, ... ,k. 

1 -Pi 

Kriging would then be applied to smooth the 

transformed variables z. in exactly the same 
1 

way as in pre'-smoothing. As described 

earlier, the k components z. could be kriged 
1 

individually, co-kriging could be applied to 

the vector of z . 's, or a common set of 
1 

weights could be used on all components. In 

the end, the smoothed z. would be 
1 

transformed back to a 0-1 scale and 

standardized to sum to unity. The pixel 

would then be assigned to the class 

corresponding to the highest 'smoothed' 

classification probability. 

An attractive feature of the predictive 

approach is that pixels on the boundary of 

two classes may be identified by the fact 

that they would tend to have high 

classification probabilities for both 

classes. Interpreting these probabilities 

as membership functions in the context of 

fuzzy set theory would give an indication of 

the amount of mixing of classes that occurs 

within a boundary pixel. 

18 

A novel, but simple way of incorporating 

contextual information by varying the prior 

probabilities according to the local context 

has been proposed by Swi tzer, Kowalik and 

Lyon. lo They propose a two- pass method in 

which the pixels are initially classified by 

a non-contextual allocation rule, such as 

(1) or (2), in the first pass. For every 

pixel, the proportions of the pixels in its 

neighbourhood allocated to each of the 

classes in the first pass are computed. 

These are then used to estimate the prior 

probabilities of the various classes for 

this pixel, correcting for any biases 

resulting from the allocation rule used in 

the first pass by the formula: 

where P =: (PI"'" Pk) I is the vector of 

estimated prior probabilities, F is the 

(kxk) confusion matrix whose (i,j)-th 

element gives the proportion of the training 

sample pixels from class ll. that have been 
J 

assigned to ll. (preferably obtained from the 
~ 1 

jackknife approach), and f=(fl, ... ,fk)' is 

the vector of proportions of the pixels in 

the neighbourhood classified to each of the 

k classes. 

These estimated prior probabilities are 

then used to classify the pixel in the 

second pass. Note that if either the linear 

or quadratic allocation rules (1) or (2) are 

used, then the only recalculations required 

in the second pass are the en p.' s , since 
J 

the remainder of the allocation formulae are 

unchanged between the two passes. 

The size of the neighbourhood used for 

estimating the local prior probabilities 

will determine how rapidly these prior 

probabili ties change from pixel to pixel, 

and hence how smooth the final 

classification map will be. Switzer, 
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Kowalik and Lyon 10 apply this approach to a 

small LANDSAT scene with three classes 

(geological rock types), using square 

neighbourhoods varying in size from 3x3 to 

9x9 pixels. In their application the larger 

neighbourhoods provide the best clas

sification maps, but they make the point 

that the best neighbourhood size will be a 

function of the variability of the true 

ground classes of the scene and the noise 

characteristics of the spectral data. 

Contextual classification based on spatial 
models 

As mentioned in the Introduction, three 

types of spatial models are discussed, 

nrunely those based on the reflectances 

alone, those based only on the ground truth 

process and those incorporating models of 

both. 

Modelling the reflectances alone 

The simplest way to classify a pixel on the 

basis of a joint model of the reflectances 

of all the pixels in its neighbourhood is to 

adjoin the vectors of reflectances from 

these pixels and then to classify the pixel 

on the basis of this enlarged vector of 

reflectances. For example, for LANDSAT 

data, with four reflectances per pixel, and 

using the five-pixel neighbourhood in Figure 

1, thi s approach would entail classifying 

the central pixel on the basis of the 

20--dimensional joint vector of reflectances 

from the pixels in this neighbourhood. 

The immediately obvious problem with this 

approach is the fact that computation time 

rapidly becomes excessive as the number of 

neighbouring pixels and hence the dimension 

of the data vector increase. Also, since 

the number of parameters in the multivariate 

normal model goes up with the square of the 

dimension, statistical estimation 

considerations predicate a corresponding 

increase in the required training sample 

sizes. Feature selection methods could, 

however, be used to reduce the dimension of 

the problem, as could canonical variate 

analysis in which only the major components 

are used for classification. 

Switzer 11 '12 proposes that instead of 

adjoining all the reflectances from the 

neighbouring pixels with those of the 

central pixel, only the vector of average 

reflectances from the four neighbouring 

pixels be adjoined to them. This results in 

a more manageable eight-dimensional vector 

on which the classical allocation rules can 

be applied. Switzer also shows that a 

further reduction in size is possible if the 

within-class covariance matrix can be 

factorized such that the covariance between 

two reflectance bands in neighbouring pixels 

is a constant «1) factor of the covariance 

between these two reflectance bands in the 

same pixel. This constant attenuation 

factor depends only on the distance between 

the two pixe1s. 

Under this model it turns out that the 

optimal (Bayesian) classification rule uses 

the linear discriminant function (1) applied 

to a linear combination of the central pixel 

vector and the mean of those of the four 

neighbouring pixels using the weighting 

scheme {1-4p,p,p,p,p}, where p is a function 

of the constant attenuation factor. 

Mardia 13 generalizes Switzer's model to 

any neighbourhood configuration, and derives 

general formulae for combining the 

reflectances from the pixels in the 

neighbourhood for optimal classification of 

the central pixel via the linear 

discriminant function. Specifically, 

denoting by ~(~) the vector of reflectances 

of the pixel located at point ~, and 

assuming the usual homoscedastic normal 

model with different mean vectors J.l. and 
1 

common covariance matrix L: for the various 
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classes, he uses the following spatial model 

for the covariance between the reflectances 

~(~) and ~(~) of two pixels located at 

points ~ and ~: 

[4] 

where p(.) is the isotropic correlation 

function, with p(O) = 1. (For the one-

dimensional case this is the usual 

assumption in kriging.) 

Given a particular neighbourhood of R 

pixels, the covariance matrix of the 

adjoined vector of their reflectance vectors 

is then: 

I.* = P ® L [5] 

where P is the (RxR) spatial correlation 

matrix, which can be derived from [4] once 

the neighbourhood is defined, and ® denotes 

the Kronecker product. Assuming local 

spatial continuity of the neighbourhood, so 

that with probability close to 1 all the 

pixels in the neighbourhood come from the 

same class as the central pixel, Mardia 1 B 

then shows that the linear discriminant 

function [1], for contextual classification 

of the central pixel, is based on the 

weighted sum of reflectances 

neighbourhood: 

* z 
R 
!. "I.z(x ) 

r=l 1- r 

where the vector of weights 

X = ("I 1 '''I0 •••• ''''R) = P-ll. 
'- '-' 

in the 

[6] 

He also shows that a measure of the 

efficiency of this contextual classifier, 

relative to the non-contextual classifier 

based only on the reflectance vector of the 

central pixel. is: 

where v 2 has 

pixels in 

20 

R 
L "I r r=l 

[7] 

maximum value R when the R 

the neighbourhood are all 

independent, and a minimum value of 1 when 

they are all perfectly correlated, so that 

no extra information is contributed by the 

neighbouring pixels. 

Clearly. the larger the neighbourhood, the 

greater is the value of the efficiency, but 

the less likely is the assumption of local 

spatial continuity to be true over the whole 

neighbourhood. 

Mardia 111 illustrates these results on a 

number of specific neighbourhood con

figurations, and then discusses their 

generalization to the heteroscedastic case 

when the quadratic allocation rule [2) is 

appropriate. He also discusses the 

estimation of the parameters in this model 

from training samples of contiguous pixels 

from each of the different classes. 

Campbell and Kiiveri 14 follow a different 

towards incorporating spatial approach 

dependency of reflectance data into 

classification procedures by considering a 

general spatial model for canonical variate 

analysis. Their spatial covariance model for 

the reflectances in neighbouring pixels is 

similar to that of Mardia, 13 but whereas his 

spatial correlation matrix P in [5] derives 

directly from the isotropic correlation 

function' p(.) in [4], they assume that it 

results from either a conditional or 

simultaneous Gaussian autoregressive spatial 

model (Ripley 1S). 

derive an explicit 

This allows them to 
-1 expression for P in 

terms of the coeffi ci.ents of either of these 

models. 

Using this model they show that the 

calculation of the group means, within- and 

between-groups sums of squares and cross

products matrices (required for canonical 

variate analysis) involves neighbour-

corrected values, and that the effective 

number of observations from a neighhourhood 

entering the calculations is equal 

Mardia's efficiency measure v 2 =1,p- l l. 
to 
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Vu and FU16 model the joint density 

function of the reflectances in a 

neighbourhood as a two-dimensional 

stationary Gaussian Markov process, 

originally proposed by Moran. l ? This implies 

that the reflectances from all the pixels in 

the neighbourhood are jointly normally 

distributed, with a covariance matrix of a 

particular form determined by the model. To 

make the process stationary, the spectral 

data in each pixel are standardized to zero 

mean and identity covariance matrix, and for 

this, the classes of the neighbouring pixels 

are required. 

The authors propose a recursive scheme in 

which alternate pixels in the lattice are 

pre-classified (for example, by a non

contextual classifier) and the remainder are 

then classified using the Bayesian rule 

based on this spatial model of the 

standardized data. The latter cl as-

si ficat ions can then be used to update the 

allocations of the pre-classified pixels via 

the spatial model, and the process can be 

iterated to stability. 

Vu and Fu 1 6 report encouraging results in 

applying this contextual classifier to 

LANIlSAT data. in which two to three 

iterations of the recursive scheme were 

required for convergence. 

Modelling the spatial variation of the ground classes 

The approaches considered under this heading 

are those that incorporate models of the 

spatial variation of the ground classes into 

the Bayesian classification formulation, 

together with class-conditionally indepen

dent models of the spectral data. 

Besag 111 proposes the following model for 

the joint probability distribution of the 

class memberships of the pixels in a scene. 

Denoting the class label of the r-th pixel 

in the scene by x , where x = i indicates 
r r 

that this pixel falls in ground class i. his 

model for ~ = (xl ,x2 ' ...• xn), the class 

labels of all n pixels in the scene. is: 

k k 
P(x) ex exp( 2: a.n.-2: 2: fJ .. n .. ) 

i=l 1 1 i<j 1J 1J 
[8] 

where n. denotes the number of pixels in the 
1 

scene which fall in class i, n .. denotes the 
1J 

number of neighbouring pairs of pixels in 

the scene, counted once only, which fall in 

classes i and j. respectively, 

fJ. . are parameters. 
1J 

and a. and 
1 

The parameters fJ.. in this model reflect 
1J 

the amount of spatial dependency between 

neighbouring pixels; if the fJ.. are all 
1J 

zero, then the number of pixels in each 

class follow a multinomial distribution. 

with probability exp(a.n.) that any pixel 
1 1 

falls in ground class i. irrespective of the 

class of its neighbours. Equal fJ ij , s 

implies symmetric dependencies between pairs 

of neighbouring pixels from any two classes. 

Besag lO assumes that, conditional on the 

class membership vector ~, the spectral data 

z, r=l, ... ,n, for each pixel are in
-r 

dependently normally distributed with the 

mean vector determined by the class of the 

pixeJ and common covariance matrix. The 

posterior probability for ~, given the 

spectral data Z = (zl.z.2 •... ,z ) ..... - -n 

obtained via Bayes' Theorem: 

n -1 
= exp{~ i: (z -~ )'2: (z -~ )+ 

r=l ~r xr -r xr 

k 
2: a.n.-i: i: fJ .. n .. } 

. I 1 1 . <. 1J 1J 
1= 1 J 

is then 

[9] 

where ~x 
r 

is the mean of the class 

corresponding to the label x , and i: is the r 

common within-class covariance matrix. 

Thus. the optimal assignments for the scene 
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are obtained by maximizing PC! IZ) , or 

equivalently, by finding the labels 

r=l, ... ,n, that minimize: 

[10] 

where U ("e) denotes the number of 
x 

r 
neighbours of pixel r (whose class is x ) 

r 

that fall into class e. 
Besag 1 e proposes the following heuristic 

for minimizing [10]: first apply the usual 

(non-spatial) linear discriminant analysis 

to the reflectances z , and then perform a 
-r 

term-by-term minimization of [10] using the 

neighbouring x-values already determined. 

The last process may be repeated several 

times until a stable solution is obtained. 

When applied to a small simulated scene with 

three classes, this technique shows a 

dramatic improvement in performance over 

linear discriminant analysis, and it would 

be interesting to assess its performance on 

real data. 

Owen 19 develops a neighbourhood-based 

classifier using a model developed by 

Switzer in which the scene is portrayed as a 

plane partitioned by straight lines into a 

set of convex regions. These lines are 

generated by a random process called a 

Poisson field. Each region thus formed is 

assigned at random to a class according to 

its prior probability. It is thus possible 

for adjacent regions to be assigned to the 

same class. The class of a pixel is taken 

to be the class assigned to its centre 

point. 

Using this model for the ground classes, 

and the five-pixel neighbourhood given in 

Figure 1, and assuming that classes change 

on a scale that is large compared to the 

size of a pixel, Owen 1
!! argues that each 

22 

neighbourhood will fall into one of three 

types of patterns, namely: an X-pattern in 

which all five pixels are of the same class; 

an L-pattern in which three adjacent pixels 

(say 1, 2 and 3 in Figure 1) fall into one 

region and the remainder (4 and 5) fall into 

another; and a T-pattern in which four 

adjacent pixels (say 1,2,3 and 4 in Figure 

1) fall into one region and the remaining 

one (5) falls into another. Furthermore, 

each neighbourhood has the same probability 

fJ (which has to be estimated) of inter

secting a boundary line of a region, forming 

an L- or T-pat tern, and a negligib le 

probability of intersecting more than one 

line. All four rotations (through 90°) of 

the L-pattern are equally likely to occur, 

as are all four rotations of the T-pattern. 

Owen 19 also shows that the conditional 

probability of an L-pattern, given that a 

single boundary intersects a neighbourhood, 

is a constant a ~ 0.41 (and hence the 

conditional probability of aT-pattern js 

I-a) . 

From the above results, and using the 

prior probabilities of all the classes, the 

conditional probability of any configur

ation of classes in a neighbourhood, given 

the true class of the central pixel, can be 

calculated. For example, using the 

numbering scheme of Figure 1 and let ting 

~ = (xl"'" x5 ) denote the vector of class 

memberships of the pixels in the neighbour

hood, it can be shown that: 

P[~ 

P[~ 

P[~ 

= (i,i,i,j,j)lxl=i] = p.afJI4 
J 

(i,i,i,i,j) Ixl=i] 

= (i,i,i,i,i)lxl=i] 

= P . (l-a)fJ/4 
J 

I-fJ+fJP i [11] 

where p. denotes the prior probability of 
J 

class j. 

As usual, the spectral data associated 

with each pixel are assumed to be normally 

distributed, and, conditional on the class 
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memberships, the data for the pixels in a 

are considered to be neighbourhood 

independent. (According to Owen 19, model-

ling the conditional correlation structure 

between pixels increased the computation 

tenfold but did not improve the accuracy of 

the classifier.) In contrast to Besag,18 

the within-class covariance matrices are 

allowed to 

restricts his 

be different, 

attention to 

but Owen 1!! 

proportional 

covariance matrices. 

Thus, the Bayes classification rule for 

this model is to assign the pixel at the 

centre of the neighbourhood to the class i 

that maximizes 

P(xl=iIZ) « Pif(?lxl=i) 
5 

= p. L [ H fez Ix )]P(Xlxl=i) 
1 ~r r '" 

x r=l 
[12] 

where the sum is taken over all assignments 

X of the pixels in the neighbourhood 

consistent with Xl=i. 

Owen 19 discusses the estimation of the 

parameters in the model from training 

samples, and demonstrates the superiority of 

this classifier over the corresponding 

non--contextual one by applying it to a small 

LANDSAT scene. 

It is interesting to note that the general 

form of the contextual classification rule 

[12] is discussed by Swain, Vardeman and 

Tilton,20 who refer to the joint probability 

function P(.'S) of the classes in the 

neighbourhood as the 'context function'. In 

a subsequent paper (Tilton, Vardeman and 

Swain 21
) these authors propose various non-

parametric estimators 

function. 

of this context 

Hill, Hinkley, Kostal and Morris 22 apply 

parametric empirical Bayes theory, together 

with Markov models for the 

distribution of the ground classes, 

classification and estimation 

prior 

to the 

of the 

classification probabilities of the pixels 

in a remotely sensed scene. Denoting the 

prior probability distribution of the ground 

truth process by P (x) and the density of 
a'" 

the spectral data, given the ground truth, 

by f(~I~), the marginal density of the 

spectral data is: 

ha(~) = f f(~I~)Pa(~)~' [13] 
x '" 

Hill et al. 22 consider Markov models, 

including spatial autoregressive models, for 

the prior distribution P (x) of the ground a ~ 

classes, and use empirical Bayes theory to 

estimate the parameters a - from training 

samples. (Note that since the marginal 

density h (z) of the training sample data 
a-

does not depend on the actual classes ~, ~ 

may be estimated without ground truth data.) 

These estimates ~ may then be used to obtain 
A 

the classification probabilities P(~I~,~) 

via the usual Bayes formula. 

The theory is complex, and therefore the 

authors only apply it to rather simple 

models. Further development would be 

required before this approach could yield 

practical 

algorithms. 

contextual classification 

Besag23 generalizes his earlier approach 

by modelling the distribution of the ground 

classes by means of a locally dependent 

Markov random field. The general form of 

this model is, for every pixel r in the 

scene: 

P(x IX I » = p (x IXa ) V r r -s r r r-
r 

(14] 

where X I denotes the ground classification 
~s r 

of the whole scene, excluding pixel r, and 

denotes the corresponding 

classifications of the pixels in the 
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neighbourhood of pixel r. 

A simple form of this model is: 

k 
P(x IX" )=exp{pu (x )}/ L exp{pu Ce)} (15] 

r ..... v r r r 'e=l r 

where u (e) 
r 

denotes the numbers of 

neighbours of pixel r from class e and p is 

a fixed parameter. A slightly more complex 

form is (8] proposed by Besag,18 which 

simplifies to: 

Pr(x Ix" ) <X exp{a +pu (x)} (16] 
r '" x r r r r 

when the coefficients Pke are all equal 

(=p). 

A 'pairwise interaction' Markov random 

field has the model: 

n 
P(X) <X exp{ L G. (x. )+L ! G .. (x. ,x .)} 

..... i=l 1 1 i<j lJ 1 J 
(17] 

of which the above models are clearly all 

special cases. 

discusses two probabilistic 

approaches towards classifying a scene. The 

first approach is that which finds 

the maximum a posteriori (m.a.p.) classi-
A A 

fication ! = (Xl'" .,xn) for the whole scene 

that maximizes: 

P(!IZ) <X e(ZI!)p(!) 

where e(ZI!) = 
n 
11 fCz Ix), 

r=l ..... r r 

by class-conditional independence. 

(l8] 

The computational problem associated with 

maximizing [18] over all X clearly is 

enormous, but Geman and Geman 24 tackle it 

via an ingenious 

demanding) 

annealing. 

method 

(but computationally 

involving simulated 

The second approach maximizes the marginal 

classification probability of each pixel in 

the scene: 

(19] 

24 

separately for each pixel r. 

Unfortunately, apart from special models 

such as [17] in the next section, p(x ,X~ ) r ..... v 
r 

is generally unavailable in closed form. 

To get around the computational (and 

other) prob lems associated with maximiz ing 

[18] or [19], and to avoid the undesirable 

large- scale properties of Markov random 

fields (for example, realizations often 

consist of a single classification for a 

whole scene), Besag23 proposes the following 

iterative heuristic, which he calls 

estimation by Iterated Conditional Modes 

(rCM) : 

Given an initial classification X of the ..... 

true scene, find the classification for 

pixel r that maximizes: 
A A 

PCx IZ,X I ) <X fez Ix )P(x Ix,,) (20] r ..... s r ..... r r r ..... '" 
r 

by class-conditional independence of the 

reflectances. This is applied to all pixels 

in the scene to give 

classification XCI) for the 

an updated 

scene. The ..... 

updated classification is then used in the 

next update of the scene, and this process 

is repeated until the classifications 

converge. 

The initial classification ~(o)may be 

obtained using the usual non-contextual 

maximum likelihood classifier, (1) or (2), 

and Besag23 reports that the procedure 

converges rapidly to a (possibly local) 

maximum of PC! IZ) with few, if any, changes 

occurring after about the sixth iteration. 

For example, applying this approach to the 

simple model [15] for the ground classes, 

and assuming Gaussian reflectances, with 

mean ~(xr) depending on the class xr of the 

pixel, and common covariance matrix L, the 

rCM requires the successive minimization of 

%(z -u(x »'L-l(z -u(x »-pu (x) (21] ..... r ~ r ..... r ~ r r r 
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with respect to x , for each pixel in turn, 
r 

where u (x ) denotes the current number of 
r r 

neighbours of pixel r falling in class x . 
r 

Besag2B describes how parameter estimation 

may be incorporated iteratively into the rCM 

scheme, and he reports dramatic improvement 

of the rCM over non-contextual classifiers 

in simulated .scenes using the simple rule 

[21] for the one-dimensional case, both with 

f3 specified beforehand and with it estimated 

during the iterations. 

Incorporating spatial models of both the ground truth 
and spectral data 

As in the previous section, the 

classification algori tluns discussed here 

include models of the spatial variation of 

the ground classes, but in addition, models 

are specified for the joint distribution of 

the spectral data in a neighbourhood, 

conditionally on the classes of the pixels 

falling within this neighbourhood. 

Therefore, in the general Bayesian formula 

for the posterior probability for 

~ = (xl' x
2

, ••• , x
R

) , the class membership 

vector of the R pixels in a neighbourhood 

(R=5 in the neighbourhood of Figure 1), 

given the corresponding spectral data 

Z = (zl,z2'''''z ): 
"V...... ......n 

P(~IZ) a f(ZI~)p(~), [22] 

spatial models are specified for both the 

joint probability function p(~) of the 

classes in the neighbourhood and for the 

joint likelihood f(ZI~) of the spectral 

data, given the class memberships. 

To classify the central pixel, labelled I, 

on the basis of [22], that value of Xl is 

chosen which maximizes its marginal 

posterior probability: 

P(xlIZ) aLL f(Zlx l ,x2 , ... ,xR) x 

x2 "" ,xR 

[23] 

Kittler and Pairman 24 use the simple 

Markov model for the ground classes in a 

neighbourhood: 

p(x Ix ),v r~s) = p(x Ixl ) r s r 
[24] 

implying that the knowledge of the class of 

the central pixel completely defines the 

probability distribution of the class of the 

j-th pixel in the neighbourhood. Thus the 

joint probability of the class membership 

vector can be written under this model as: 

R 
p(~) = p(xl ) H p(xrlxl) 

r=l 
[25] 

where p(xl ) is the prior probability of 

class Xl' For the conditional joint density 

function of the spectral data, f{ZI~), they 

use the two-dimensional stationary Gaussian 

Markov Process proposed by Yu and FU. 15 

These authors apply the contextual 

classification algoritlun [23] based on these 

two models to satellite imagery of clouds, 

comparing its performance with that of the 

usual non-contextual classifier, as well as 

with that of a contextual classifier in 

which p(~) is estimated non-parametrically 

from training data. Although very large 

contiguous training areas are required for 

the latter classifier, which 

computationally heavier to implement, 

find very little difference in 

is 

they 

the 

classification maps produced by the two 

contextual algorithms. Both, however, 

provided very much better maps than those 

produced by the non- contextual classifier. 

Kiiveri and Cambell U apply the 

conditional Gaussian autoregressive spatial 

models described earlier (Campbell and 

Kiiveri 1"1) for the spectral data in 

neighbouring pixels, and a Markov model 

similar to Besag's18 model [8] for the class 

membership vector of all pixels in the 
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scene. However, instead of classifying 

pixels individually according to [23], they 

use [22] to compute the joint posterior 

probability distribution for the entire 

class membership vector, p(~IZ) , and 

classify all the pixels in the scene by 

maximizing this probability. 

The amount of computation required to find 

the global maximum of p(~IZ) for the whole 

scene is enormous, and Kiiveri and 

Campbel1 2 & propose two algorithms, namely a 

cyclic ascent algorithm and the annealing 

algorithm, to carry out the search. 

An interesting experimental finding using 

these models is that little, if any, 

improvement in classification accuracy is 

obtained from using the conditional Gaussian 

autoregressive spatial model for the 

spectral data, rather than assuming them to 

be class-conditionally independent. 

Press 27 proposes a very general, fully 

Bayesian, approach to contextual 

classification, incorporating models of the 

spectral data and of the class membership 

probabilities of neighbouring pixels. The 

training sample data are incorporated into 

the Bayesian model to yield the posterior 

classification probability for the a pixel, 

given the spectral data of the R pixels in 

its neighbourhood and the training sample 

data (which clearly also obey the contextual 

model) : 
P(xlIZ,D) [26] 

where Z denotes the spectral data of all the 

pixels in the neighbourhood of pixel 1, and 

D denotes the training sample data. 

Using Bayes' Theorem, this probability can 

be written as: 

P(xlIZ,D) « 

k k 
p(xl ) L ... L f(ZID,x l ,x2, ... ,xR) 

x =1 x =1 
2 R 

x P(x2 , .•. ,x
R

lx
l

) 

26 

[27] 

where, as usual, k is the total number of 

classes in the scene. 

Press 2 7 assumes that the data from the 

j-th class come from a Gaussian covariance 

stationary process. Thus, if ~(~) denotes a 

data vector obtained from the pixel situated 

at point ~ on the ground, and supposing that 

this pixel falls in ground class i, then 

Press 27 assumes that: 

z(s) - N(u. ,L.). 
- - t:;;l 1 

[28] 

In this model the covariance matrix between 

the data from any two pixels of the same 

class If i situated at points ~ I and ~2 on th~~ 

ground depends only on the vector difference 

(both magnitude and direction) between ~l 

and ~2: 

cov(Z(Sl),Z(s2) ISl,s2~If.) = L.(sl-s2) [29) 
~ ~ ~ - - - 1 1 - -

and the covariance matrix between the data 

from two pixels, situated at points ~l and 

~2' from different classes If. and If., 
1 J 

depends only on the two classes and the 

vector difference between ~l and ~2: 

cov(Z(sl),Z(s2) ISl~If.jS2~If.) 
- - - - - 1 - J 

L .. (sl-s2)· 
1J - -

[30] 

Using this model, the joint likelihood 

function of the entire training sample D 

from all k classes can be expressed in terms 

of the multivariate normal distribution. The 

joint distribution of D and the parameters 

u., L. (s) and L .. (s) then follows, assuming 
~1 1 - 1J -

vague prior distributions for the latter. 

The conditional distribution of the 

spectral data Z of the pixels in the 

neighbourhood of pixel 1, gi ven their 

classes ~ = (xl"'" "R) and the parameters 

l.l., L. (s) and L .. (s), also follows from this 
~1 1 - 1J -

model, and finally: 

f(Z ID, X) « f f(Z IX, u. ,L. (s) ,L . . (s» 
- - ~l 1 - IJ-
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x f(D,u. ,r. (s) ,r .. (s) )rllldi:. (S)di: .. (S) 
~1 1 ~ 1J ~ ~ 1 ~ 1J ~ 

[31] 

assuming that Z and D are independent. 

For the 'configuration probability' 

P(x2 , ... ,xRlxl ) of the classes of the R 

pixels in the neighbourhood, given the class 

of the central pixel, Press 27 assumes that 

the number of different classes M present in 

the neighbourhood has a (truncated) 

geometric distribution. (This recognizes 

the fact that, in any neighbourhood, the 

most likely situation is for there to be a 

single class in the neighbourhood. the next 

likely two. etc.) He then adopts a general 

log-linear model for the conditional 

configuration probability: 

log P(x2 •...• xR lxl .M=m) 

R-l 
= L. L (x. . 

.. . 1 1 ••••• 1 
r=o 11~12~ ... ~lr r 

(x. , ... ,x. Ixl,m) 
J 1 1r 

[32] 

where the inner sum is over all subsets 

this model. which is clearly a 

generalization of Besag's 18 model [8]. the 

coefficients 

satisfy the usual analysis of variance-type 

identifying constraints. 

Substituting [31] and [32] into [27] then 

yields the posterior classification 

probability of the central pixel. 

This model is clearly very general, but as 

it stands it is not practical for 

implementation in a contextual classifier. 

However. it allows for a large number of 

special cases. some of which may turn out to 

be both realistic and computationally 

practical. 

Conclusions 

Gi ven the vast array of approaches towards 

contextual classification available. it is 

natural to ask which approach would be most 

suitable for application in remote-sensing. 

The answer inevitably depends on a number of 

factors, including the characteristics of 

the scene in question. the purpose for which 

the classification is being performed. and 

the computing power and time available. 

For example, if the average size of 

single-class fields is similar to the pixel 

size, or if the purpose is to detect fine 

features such as roads, then the approaches 

discussed in this paper are not appropriate. 

In contrast. they should work well if the 

purpose is to classify a scene consisting of 

large, homogeneous fields. so that the 

number of misclassified pixels. especially 

in the middle of a field. is minimized. 

The pre-smoothing techniques described 

first are clearly very easy to apply. 

especially once the smoothing weights have 

been determined. and being linear, the 

computing costs are relatively modest. 

Similarly, the post-smoothing techniques. 

and in this context the approach of Switzer 

et al.10 holds particular promise, are easy 

to apply and only require the updating of 

one term in the discriminant functions in 

the second iteration. 

The model-based techniques are generally 

more difficult to apply and require more 

computation. Among the three classes 

described, namely those based on models of, 

respect i vely. the reflectances, the ground 

classes and both, it is the authors' 

opinion. based on very limited experience. 

that the approaches based on models of the 

ground classes are 

promising. Dropping 

possibly the most 

the assumption of 

class-conditional independence of the 

spectral data from these approaches 

generally results in manyfold increases in 

computing time, without necessarily 

improving the classifications significantly. 
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However, as this area is currently the 

subject of much research, the opinions 

expressed in this paper are, at best, of 

provisional validity. 
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