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A kinetic model framework for single particle kinetics in combined diffusion 
and adsorption processes is presented. The framework applies to the general 
case in which both diffusion and the adsorption reaction play important roles 
in determining the overall rate in processes where the migrating species can 
both adsorb and accumulate. The technique, which should be applicable to 
a wide range of reaction mechanisms, consists of an iterative integration 
procedure for the coupled diffusion and reaction equations. The case of a 
reversible linear adsorption reaction rate is developed. In order to verify the 
technique as a legitimate method of model development, an analytical solu
tion for the identical case is derived and compared to the numerical solution. 

Excellent agreement exists between the two solutions. 

Introduction 

Interactions between migrating species in a 

fluid and a porous particulate phase, 

whereby some of the migrating species 

become immobilized with respect to further 

fluid migration as diffusion proceeds, are 

fairly common in adsorption-type processes 

such as carbon in pulp, resin ion exchange 

and removal of gaseous pollutants. The 

transport-react ion mechanisms operative in 

processes where the migrating species can 

both adsorb and accumulate are:(l) external 

mass transfer from the bulk fluid to the 

outer surface of the porous particle, (2) 

intraparticle mass transfer through the 

pore fluid and along the walls of the 

pores, and (3) adsorption at a site 

interior to the particle. 

A variety of models based on the above 

mechanisms have been developed, frequently 

with the assumption that the adsorption 

reaction is intrinsically rapid with re

spect to the 'mass transfer processes such 

that equilibrium is maintained at all times 

between the free and adsorbed components of 

the diffusing species at the adsorption 

site. When the approach to system 

equilibrium is much slower than can be 

accounted for by diffusion control alone or 

when the controlling mechanisms in a 

process are uncertain, the validity of this 

assumption becomes questionable. 

In the present paper, a model framework 

is presented for the general case where 

both mass transfer and the adsorption 

reaction may play important roles in deter-

mining the overall rate. The main 

objectives are: (1) to illustrate the 

solution technique, which cau be used for a 

variety of reversible adsorption reaction 

types, and (2) to verify the numerical 

technique results by comparison with an 

analytical solution for the case of a 

first-order reversible adsorption reaction. 
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Basic equations 
The problem consists of a porous spherical 

particle of radius R comprised of a solid 

that is capable of adsorbing a fluid

diffusing reactant species at concentration 

C. The specific case where the species can 

both adsorb and accumulate is considered. 

In order to minimize the complexity of the 

problem, intraparticle diffusion has been 

attributed entirely to pore diffusion. 

Thus, as diffusion proceeds, the migrating 

species Cat concentration C) is adsorbed 

and immobilized, producing a non-diffusing 

adsorbed product species at concentration 

S. 

Under these conditions, the dynamic mass 

balance for the adsorbate is 

~ (i D OC) _ i L oS = i oC 
or p or Ep ot ot 

with boundary conditions 

CC r=R) = C 
b 

oC -Cr=O) = 0 
or 

[1 ] 

[2 ] 

[3 ] 

For reversible adsorption, the reaction 

rate is governed by 

oS _ 
ot - fCC,S) [4] 

with the initial condition 

SCt=O) = 0 [5] 

The assumptions of quasi-stationary behav

iour and dilute solution permit the refor

mulation of Eq.[l] 

~ (l ~~) = l ~ oS 
or or Dp Ep ot 

[ 6] 

Evidently, the external mass transfer 

resistance has been neglected. In a well-

mixed idsorber, this resistance may be 

ascribed primarily to diffusion through a 

hydrodynamic boundary layer at the outer 

surface of the particle. Therefore, the 

assumption of negligible external mass 

transfer resistance can be readily relaxed 

and the appropriate boundary condition can 

be accommodated within this framework. For 
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the sake of simplicity, the bulk con

centration of the fluid phase was assumed 

to be constant. These factors were not 

included as the objective is to consider 

the respective roles of internal dif-

fusional effects and the adsorption 

reaction rate expression in the overall 

rate process. Obviously, the exclusion of 

external mass transfer effects and variable 

bulk fluid concentration causes secio~s 

limitations under certain conditions, ,?,~, 

a batch environment. 

Solution technique 

The solution technique consists of an 

iterative integration procedure similar to 

that described by Saltelli and Offecman1 

for the 

Eq. [6]. 

coupled equations Eq. [4] and 

In this procedure, the migrating 

species is first allowed to diffuse with no 

adsorption taking place. Then, after each 

time step of diffusion, adsorption is 

allowed to occur before taking the next 

time step of diffusion. In each adsorption 

calculation, the solution obtained from the 

previous integration is used as the initial 

condition. 

In order to illustrate the solution 

technique, provide numerical results and 

verify the technique, the cas~ of a first

order reversible adsorption reaction is 

considered. In this case, Eq.[4] becomes 

E 

~=~kC-kS 
ot pad 

and Eq.[6] becomes 

2 ka 2 kd 
r -C-r LD-s D E 

P P P 

Pseudo-analytical solution 

[7] 

[8] 

In order to illustrate the solution 

technique, a pseudo-analytical solution 

over two diffusion time steps is presented 

for the case of reversible adsorption with 

a linear rate. 
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First time step 

According to Eq. [5] the value of S at 

time zero is equal to zero such that the 

second term on the right of Eq.[8] is 

eliminated. After integration of the 

modified Eq.[8] and application of the 

boundary conditions in Eqs.[2] and [3] the 

concentration of the diffusing species in 

the pore fluid was obtained 

R sinh(r/Ck ID )) 
-- ---~--p 

Cb r sinh-rR/Ck ID~ 
a p 

[9] 

As the bulk fluid concentration was assumed 

constant, the ads or bed species concen-

tration at time t1 was obtained by the 

substitution of Eq.[9] into Eq.[7], 

integration and application of the initial 

condition given by Eq.[5] 

* 

E R k 
p a 

Cb p r kd 

[1 - exp 

Second time step 

Si~~( r~~~~/Dp)) 
sinh(R/Ck ID ) T a p 

C-k dt 1)] [10] 

The concentration of the diffusing 

species in the pore fluid at time t2 was 

determined by substitution of Eq. [10] into 

Eq.[8] followed by integration and applica-

tion of the boundary conditions given by 

Eq s. [2] and [3] 

R sinh(r/Ck ID )) 
CC r, t 2 ) = Cb r Sir;-h[R/(k~/D ~T 

a p 

+ 
R2 

Cb 2-- I(k ID ) coth (RICk ID )) rap a p 

* 

C B. ICk ID ) 
b 2 a p 

* [11] 

The concentration of the adsorbed species 

at time t2 was calculated by substitution 

of Eq.[ll) into Eq.[7], integration and 

application of the initial condition given 

by Eq. [10] 

E k R sinh(r/Ck ID )) 
) p a a p 

SCr,t2 = Cb P k~ r sinh(R/Ck/D~) 

* [1 - exp C-k
d

t
2

)] 

E k R2 
+ C ~ ~-- I(k ID ) coth(R/Ck ID )) 

b P kd 2 rap a p 

sinh(r/Ck ID )) 
* a p * [F] 

sinh(R/Ck 7DJl" 
a p 

E k R 
- C ~ ~ - ICk ID ) 

b P kd 2 a p 

* cosh(r/Cka/Dp)) * 
sinh(R/Ck ID )) 

a p 

where 

F = 1 - exp Ck
d

t
1
-k

d
S) - exp C-k

d
t

1
) 

+ exp C - k d t2 ) 

[ 12) 

[13] 

The process could be repeated, with the 

initial condition given by 

being used to evaluate SCr,t.). 
1 

Numerical solution 

SC r , t. 1) 
1-

In order to provide numerical results 

which can be utilized in the verification 

of the solution technique, the case of 

reversible adsorption with a linear rate is 

presented. The number of independent 

parameters to be considered for numerical 

analysis was minimized by making Eqs.[7) 

and [8) dimensionless. Four dimensionless 

variables and one dimensionless parameter 

were chosen: 

Ca) dimensionless radial coordinate, A, 

r 
f_ = R [14] 

Cb) dimensionless migrating species concen

tration of the pore fluid, a, 

[15] 

Cc) dimensionless concentration of adsorbed 

species, ~, 

S 
~ =---

Sequil 
[16] 

Cd) dimensionless time, e, 
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(17) 

(e) and dimensionless parameter, ~, 

/(i k ID ) 
a p 

(18) 

The numerical solution procedure for the 

case of reversible linear kinetics mimics 

the pseudo-analytical technique through 

time by application of a finite difference 

technique for the evaluation of a with ~ 

being evaluated 'analytically'. A modified 

tridiagonal Gaussian elimination technique2 

was used to solve the set of simultaneous 

equations. 

Numerous program runs were executed in 

order to evaluate the effects of the number 

of spacing intervals along the particle 

radius (i.e. the number of nodal points in 

the finite difference analog) and the 

incremental size of the dimensionless time 

step. In all cases it was found that, for 

a particular value of 8, ~ values 

asymptotically decreased as the number of 

nodal points increased and asymptotically 

increased as the incremental size of the 

time step decreased. Although the solution 

converged, it was concluded that approxi

mately 100 nodal points and dimensionless 

time increments as small as 0,001 were 

required. 

Analytical solution 

In order to evaluate the numerical 

solution technique, an analytical solution 

was developed for the case of a reversible 

linear adsorption reaction rate. For the 

purpose of comparison with the numerical 

results, the analytical solution was 

evolved in terms of the dimensionless 

quantities described by Eqs.[14-18). 

Solutions for the dimensionless migrating 

species concentration in the pore fluid, 

a, and the dimensionless adsorbed species 

concentration, ~, were obtained by applica-

tion of the Laplace transformation with 

respect to the dimensionless time 
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variable, 8. The method of solution 

follows 

Crank4 . 

that outlined by Wilson3 and 

The dimensionless equivalents of Eqs. (7) 

and (8) are 

M = a - ~ 
08 

-L (,? ~<!.) = ~2 ,,..2 ( a- ~) 
OA. OA. 

(19) 

(20) 

with corresponding boundary conditions 

a(A.=l) = 1 

oa(A.=O) = 0 
OA. 

and initial condition 

~(8=0)=0 

(21) 

(22) 

[23 J 

After transformation into the Laplace 

domain, Eqs.[19-22) become 

s 
~ = a s+l 

2-
~+ 2 oa 
OA.2 A. OA. 

a(A.=l) = 1 
s 

-
oa -(A.=O) = 0 
OA. 

2- s 
~ a s+l 

(24) 

(25) 

(26) 

(27) 

As differentiations of ex with respect to 

s do not appear in Eq. (25), the equation 

may be solved as an ordinary differential 

equation. After integration and appli-

cation of the boundary conditions, the 

solution to Eq.(25) was obtained 

a(A.,s) 
1 sinh 
sA. sinh 

(28) 

The inverse transform of a was determined 

by summing the residues at the poles5 

2 2 00 (_-1) n 
a(A.,8) = 1 + ~ Z 

TeA. n=l n 

* 
sine nTeA.) 

exp 
2+ 2 2 
~ n Te 

2 2 
[-n Te 8 ] 

2+ 2 2 
~ n Te 

(29) 

and the inverse transform of ~ was obtained 

after 

theorem6 

~(A.,8) 

application of the 

1 -
2 00 

exp (-8) + -- z 
TeA. n=l 

convolution 
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2 2 

* sin(nnA.) exp [-n ~J 
2+ 2 2 <jJ n n 

2 00 (_l)n 
exp (-8) L sin( nnA.) [30] 

nA. n=l 
n 

Technique verification 

The numerical and analytical solutions 

obtained for the case of reversible linear 

kinetics provide dimensionless time depen

dent profiles of dimensionless adsorbed 

species concentration versus dimensionless 

radial coordinate of the porous particle. 

In Fi~ures 1-3, the numerical results 

obtained by application of the solution 

technique are compared to those obtained 

from the analytical solution at different 

values of the dimensionless parameter, <jJ. 

In the numerical solution, 100 nodal points 

in the finite difference analog and 

constant dimensionless time steps of 0,001 

w'ere used. The evaluation of the infinite 

series portion of the analytical solution 

en 
en 

0.8 ~ 

0.7 ~ 

0.4 

G = 5.0 

~ 0.3 ~ _________ --

Z 
o 
H 
en 
Z 
W 
~ 
H 
o 

0.2 

0.1 --------========= -----

was terminated when the nth term of the 

generated pseudo pattern7 was less than 

10-5 • Excellent agreement exists between 

the two solutions at all three values of 

the dimensionless parameter, <jJ. Thus, it 

is concluded that the solution technique 

provides a valid means of model development 

which should be applicable for a wide range 

of reaction rate expressions in combined 

diffusion and adsorption processes. 

Additional remarks 

A model framework, which should be 

applicable to a wide range of adsorption 

reaction rates, has been described and 

verified as a viable technique for pro

cesses in which the migrating species can 

both adsorb and accumulate by comparison 

with an analytical solution for the case of 

a reversible linear adsorption reaction 

rate. As the model framework is still 

under development, no attempt has yet been 
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made to compare model results obtained by 

the technique with published experimental 

data on combined diffusion and adsorption 

processes. Improvements in the framework 

can be obtained in several ways: 

(a) Inclusion of external mass transfer 

effects. 

(b) Implementation of an improved numerical 

procedure (i. e. variable size of node 

spacing and dimensionless time steps). 

(c) Expansion to other reaction mechanisms. 

Notation 

C migrating species concentration in 

the pore fluid, -3 
gms cm f ; Cb 

migrating species concentration in 

the bulk fluid 

Dp effective intraparticle diffusivity 

F 

r 

R 

s 

S 

t 

(based on void and solid area of the 
2 -1 

particle), cmf+ss 

function of time defined by Eq.[13] 
-1 

adsorption rate constant, s 

-1 
desorption rate constant, s 

radial distance from the center of 

the porous particle, cmf+s 

radius of the porous particle, cmf+s 

transform variable 

concentration of adsorbed species, 
-1 

gasgs 

time, s 

Greek letters 

a dimensionless migrating species 

concentration of pore fluid, defined 

by Eq. [15] 

a Lap1ace transform of a(k,e) 

e 

p 

dimensionless concentration of 

adsorbed species, defined by Eq.[16] 

Laplace transform of ~(k,e) 

internal porosity 
3 -3 

particle, cmfcmf + s 
dimensionless time, 

Eq. [17] 

of 

dimensionless radial 

defined by Eq.[14] 

the porous 

defined by 

coordinate, 

apparent densi ty of the porous 
-3 

particle, gscmf + s 
<jJ dimensionless parameter, defined by 

l. 

2. 

Eq. [18] 

References 

SALTELLI, A. and OFFERMAN, P. About the 

modelling of transport with chemical 

reaction. Chemical Engineering Science. 

vol. 41 no. l2 1986. pp. 3327-3329. 

BE CKE TT , R. and HURT, J. Numerical 

Calculations and Algorithms. McGraw

Hill, New York, 1967. 

3. WILSON, A.H. A diffusion problem in 

which the amount of diffusing substance 

is finite - I. The Philosophical 

Magazine. vol.39 no.288 1948. pp.48-58. 

4. CRANK, J. The Mathematics of Diffusion. 

2nd edition, Oxford University Press, 

London, 1975. 

5. KUHFITTIG, P.K.F. Introduction to the 

Laplace Transform. Plenum Press, New 

York, 1978. 

6. CHURCHILL, R.V. Operational Mathemat

ics. McGraw-Hill, New York, 1972. 

7. BRINKMANN, E.A. Ph.D. thesis, 

University of the Witwatersrand. To be 

submitted. 

A KINETIC MODEL FRAMEWORK FOR DIFFUSION & ADSORPTION 195 




