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All underground openings are three.dimensional, and in many cases it is not 
valid to analyse two-dimensional sections. This has been a problem in the past 
owing to the magnitude and complexity of three-dimensional stress analysis. 
In this paper a three-.dimensional boundary element approach, using non· 
conforming quadratic ekmellts, whkh is specifically applicable to underground 
excavations, is described. [n addition, the philosophy of application of stress 
analyses is discussed. Three case histories are presented to demonstrate the 

practical nature of the approach as a tool in solving mining problems. 

Jntroduction 

All mining operations involve layou ts 

of excavations in three-dimensional space 

and hence the rock mechanics problems 

associated with them are also three

dimensional . Often the geometry of the 

problem is s uch that it can be examined 

realistically in two dimensions. However, 

there are many cases i n which the geometry, 

geol ogy or stress conditions either cannot 

be simplified to two dimensions, or are 

such that the validity of such a simplifi

cation is doubtful. The ae situations 

have presented a major challenge in the 

past owi ng to the magnitude and complexity 

of methods of three-d imen siona l stress 

analysis at the time . This usually resulted 

i n tbe applicat ion of a two-dimensional 

approach even if the validity of that 

approach was doubtful. 

Nowadays, with the availability of powerful 

low cos t computers, and the improvement 

in their graphicS capabilities , three

dimensignal stress analysi s of mining 

problems has become a relatively simple 

and practical operation . 

THREE-DIMENSIONAL STRESS ANALYSIS 

Firstly, a new three-dimensional boundary 

element formulation which has been designed 

specially for mining problems is presented. 

Next, the philosophy of application of 

three dimensiona l analyses is described. 

Finally, examples of practical a pplica tions 

of the method are given. 

Three-dimensional boundary element stress 
Ilna1ysis: au overview 

Mining problems usually involve excava tions 

of finite size in an infinite or semi

infinite rock mass. These can be described 

as infinite domain probl ems, in contrast 

to the finite domain prob lems encountered 

in mechanical engineering, ie finit e-siZe 

components sub- jected to fo rces and defor-

mations. 

There is 8 fund amental difference of 

app roac h to the the a nal ysis of these 

two classes of problems. In the infinite 

domain problems, the deform- ations and 

stresses are required in an infinite or 

semi-infin ite rock mass. Conversely, in 

t he finite domain problems, stresses and 



deformations are required within the finite 

body being analysed. These differences are 

a significant consideration in the choice of 

solution technique and the formulation 

of that technique. 

In mechanical engineering problems, 

geometry of components is precise and high 

accuracy of results is usually required. 

In mining problems, the shapes of excavations 

and the strength and deformation properties 

of the rock mass are not well defined 

and therefore precision of results is 

not possible. Hence, a less precise solution 

technique is more acceptable for most 

mining problems. Furthermore, mining 

problems often involve multiple excavations, 

many of which may have an influence on 

each other, but be sufficiently far apart 

for the influence to be an overall one 

rather than a detailed one. 

The process of carrying out a boundary 

element stress analysis exercise consists 

of the following basic steps: 

a) 

b) 

c) 

d) 

e) 
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Decide which excavations need to 

be modelled and which may be ignored 

because they are either too small 

or too remote from the area of interest. 

Decide upon the extent to which the 

geometry of the selected excavations 

may be simplified so that numerical 

modelling is possible. 

Divide each excavation into a number 

of excavation 'faces'. For example, 

the hangingwall, footwall and various 

sidewalls would usually be separately 

identified. 

The next decision relates to the 

number of boundary elements which 

will be used to model each of these 

faces, so as to provide a sufficiently 

accurate solution. 

The spatial coordinates of the corners 

of each element must then be defined 

80 that the element is correctly 

f) 

g) 

h) 

located in space. These corner points 

are referred to as geometric nodes. 

Once the boundary elements have 

been defined, various checks must 

be carr-ied out to ensure that all 

excavation faces have been modelled, 

and that the distribution of larg e 

and small elements is appropriate 

to the particular excavation geometry. 

Loading conditions are then applied to 

the boundary element model. Actual 

excavation deformations and those pre

dicted by the model should resemble 

one anot her. 

The modelled excavation deformations 

are then used to calculate stresses 

and displacements at selected bencl-mark 

points within the rockmass. 

Now, each element may only deform in 

certain prescribed modes. However, the 

excavations themselves may, of course, 

achieve any deformation state depending 

upon the applied loading. There are, 

therefore, two conflicting objectives 

controlling the choice and definition of 

a boundary element model. The number of 

elements needed to model each excavation 

must be sufficiently large such that reasonable 

accuracy is achieved. Conversely, the total 

number of elements used must also be suffi

ciently small so that the user effort in pre

paration of the model and the computing time 

and space requirements are not prohibitive. 

Three---dimensional boundary element 
formulation 

Each different boundary element formulation 

models surface deformations and tractions 

in a different way. If displacements and 

tractions are constant over the full area 

of an element, then reference is made 

to a constant element formulation. If 

displacements vary according to a quadratic 

or second order polynomial, then they 
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are called quadratic elements. The shapes 

of these elements are usually triangles 

or quadrilaterals, although elements with 

curved sides and shapes may also be used. 

If displacements are continuous between 

adjacent elements, then they are called 

continuous quadratic elements. If elements 

are not required to conform with one another 

along their edges, and if displacements 

are discontinuous between adjacent elements, 

they are then called non-conforming elements. 

Examples of various element types are 

shown in Figure 1. Various formulations 

have been developed specifically for mining 

applications. 1 ,2,3,4 The first practical 

example presented later in this paper 

uses constant quadrilateral elements developeq 

by Diering.
3 

The other examples make 

use of the newly developed non-conforming 

quadratic elements.
S 

The non-conforming quadratic elements 

provide the following features or advan

tages for mining related stress analysis 

problems : 

a) Each excavation face may be discret

is_ed into elements independently 

of other faces. 

b) Fewer elements are required to model 

a face than for other formulations. 

Often, only one element per face will 

give sufficient accuracy for practical 

applications. This is of major 

importance as it enables larger 

problems containing more excavations 

to be modelled in more detail. 

c) 

d) 

e) 

Elements may be triangular or quadri-

lateral, planar or curved. 

Up to five different. geological 

zones each with different material 

properties may be accommodated, 

although very non-homogeneous 

geologies will still require simpli

cation into one or a few subregions. 

Solution of equations is carried 
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FIGURE 1. Various types of boundary elements 

f) 

g) 

out using tre metood of block suc,cessive 

over-relaxation associated with 

tre application of a lumping technique 

to reduce data storage requirements. 

Stresses and disp1acements within 

the rockmass may be calculated even 

when the benchmark points are very 

close to the boundary elements. This 

is often not possible with oU~r forulU

lations such as the constant elements. 

Surface stresses and displacements 
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h) 

i) 

J) 

k) 

may be calculated anywhe re over 

an el ement. 

The program ie not designed for 

application to tabular excavations 

al though l ength to height aspect 

ratios of up to 50 : 1 may be modelled 

reliably. 

The number of e l emen t s be ing used 

for a given problem may be r e duc e d!f 

geometric and loading sytmnet ries exist. 

I f several identical excavations 

a re in close proximity to one another. 

then advantage may also be tak en 

of this repeatab ilit y to reduce 

probleDl 8 1~e. 

Large space r eq uirementa are demanded. 

necessitating the us e of ha rd disc 

mass storage . In this situation. 

it was dec i d e d to structure the 

program with l ow core memory require

ments. allowing it to be applicable 

to deskt op as we l l as ma in-frame 

compu ters. This requirement Is 

eased by the choice of the iterative 

solution method with lumping . 

Often exc a vations wil l have been 

backfilled or will co ntain caved 

material which is applying loads 

to the excavation surfa c es. Thia 

material is mode l led eit he r as an 

extra sub r egion whose behaviour 

18 linearly elast1c, or by applying 

additional surface tractions to 

the excavation aurfaces . 

The fo rmulation described above has 

been deve l ope d into a computer pro gram 

BEAP (Boundar y Eleme nt Analysis Package). 

However. even t he lOOst sophis t icated prog r am 

is · nothing more t han a l arge nuuber of machine 

intit ructions. There is still a large gap 

between a computer program and t he practica.l 

solut ion to a complex mining problem . 

36 

Philosophy of application of theoretical 
stress analyses 

A fundamental aspect of the phil osophy 

of p ractical appli ca tion of theoretical 

stress analysi s tectmiques to mining problems 

is the understanding that the actual numbers 

which result from thea e analyses must 

n o t be a cco rd e d t oo much c redibil ity . 

Absolute answers are unlikely to be achieved 

- in fact. it is moat important t hat the 

obtaining of a bsolute a nswers should not 

be an aim. It is the trends and the results 

of comparisons between a range of analyses 

that ar e important. The analyses must 

the r e fore be regarded on l y as an aid to 

deSi gn and not a des i gn method in an absolute 

sense . The exercise of formulating t he 

theoretical model. deciding on relevant 

magnitudes for material pro perties and 

loading conditions, and carrying out the 

serie s of analyses involves a considerab le 

allount of thought abo ut the proble Dl . The 

actual re s ults of the ana l yses add greater 

an d some time s a l te r native un de rstandi ng 

to this thought pr ocess in arr iving a.t 

a solution to the problem . 

Initial analy ses of a mining problem 

should preferably model a geometry or 

situa tion in which the behaviour is known, 

i.e . a back-analysis app r oach. This wil l 

allow the vali d it y of the mode l t o be 

establis hed by compa r ison of observed 

with predicted behaviour. If there is 

not satisfactory agreement f rom this com

par i son, it may be necessary to a d just 

the model. usually with regard to material 

prope rties or loading conditions, until 

i t is val 1.da ted. [t is then realisti c 

to al ter the geometry to tha t required 

for the modelling of additiona l excavations 

extension to the mining , alte rnative mini ng 

l ayouts. etc. The b e haviou r of the se 

ma y t hen be predict ed realistically using 

the calibrated conditions. 
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An alterna tive philosophy of application 

of theoretical stress analyses is a parameter 

study approach. In this case a general 

problem, rathe r than a specific one, is 

analysed for a range of parameters, e.g. 

material proper ties, in situ stresses , etc. 

Compar i sons of the results allow behavi ou r 

trends to be identified . The designe r mus t 

then judge whether his specific problem fit s 

into the range of the general problem solutions 

for the. purpose of predicting behaviour trends. 

The above phi losophies s hould be common 

for all theoretical analyses. It ia important 

to identify how three-dimensional stress 

a na lyses fit i nto suc h philosophies . 

T he three-d i mens-iona I s tress ana l ys i s 

program described briefly in the p rev ious 

section is simple to apply, and for most 

problem a requires only a limited amount 

of aata prepara tion. Even 80 . however, 

three-dimensional applications are often 

conceptually complex, demanding on computing 

r equirements and insufficien tly detai led . 

There Is the r efore great merit 1 n limiting 

the three-dimensional applications to essent i al 

aspects and , whenever possible , resorti ng 

to two- dimensi ons for examining details. 

Typically, three-dimensi onal analyses 

may be use d f o r the geometrical effects 

and tw o -dime nsional analyses used to take 

into account non-homogeneity and assess 

l ocal failure potential. Thi s combined 

three - dimensional and two - dimensional 

approach has proved to be very practical. 

Test example 

In o rder to demons trat e the advantages 

of a no n-confo roin g q uadratiC e l ement 

over othe r e l ement t ypes. a l o ng st raight 

tunnel with square cross secti on was 

modelled. It was possib le to model this 

geometry in two or three dimensi ons. 

A cross sect ion of the geometry used is 

shown in Figure 2. Details of geometry. 
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l oading and host rock msterial p ro pe rti es 

are as follows: 

HeiS ht 

Width 

Young's modulus 

Poisson's ratio 

Vertical applied Rtress 

lIorizon tal applied stress 

10 m 

10 m 

50 000 MPs 

0,25 

100 MPa 

50 MPa 

Numerous comparative runs using constant, 

contin uous quadrati c or non-conforming 

quadratic elements were carried out . 

, 
T ~--------~--------'. 

x 

I-

FIGURE 2. Tunnel test problem with square cross section 

Figure 3 shows a comparison of the hor 1zontal 

displaceme n ts calculated a long the l ine 

ARC shown 1n Figure 2. 

.", LEGEND 
- - Accurate 20 solution 
-. -... -- 1 non-conforming "_.r;~;;:: quadratic element .... 
- 7 comtant elements 

• 

- 2 conunuom ' 
quadrati~ 
elements 

SIDE 

FIGURE 3. R~sults for tunnel test problem 
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a) 

b) 

c) 

Constant elements - 7 elements perside 

Continuous quadratic elements -

2 elements per side 

Non-conforming quadratic elements -

1 element per side 

These displacement profiles are compared 

against a very accurate two-dimensional 

solution obtained using 100 elements per 

side. It is seen from Figure 3 that the 

goodness of fit between the non-conforming 

quadratic formulation and the accurate 

solut i on is generally better than that for 

the other two formulations. The equivalent 

number of elements which would be required 

for a three-dimensional problem is as follows: 

Constant elements 

Cont i nuous quadratic elemen~s 

7x7 

2x2 

49 

4 

Non-conforming quadratic elements lxl 1 

From the above, it is seen that there 

are substantial benefits to be obtained 

i n terms of user and computational effort 

by using non-conforming quadratic elements. 

Even so, the constant element formulation 
3 MBEM has been used successfully for Simpler 

three-dime.nsional geometries. This is 

demonstrated by the first example in the 

next section. As the geometry becomes 

more complex, however, the constant element 

formulation becomes less efficient, and 

non-conforming quadratic elements are used 

to good advantage, as demonstrated by the 

remaining examples in the next section. 

Practical applications 

The following examples illustrate the 

requirement for three-dimensional analysis. 

Detailed results of the analyses are not 

dealt with since it is the application 

which is of importance in this paper. Hence 

the approach to each application and the 

effort involved in the solutions to each 

problem are given greater significance. 

Excavation interaction at great dcpth 

The implication of mining operations at 

great depth usually is the development 

of secondary and sometimes tertiary shaft 

systems. The transfer horizon from one 

shaft sy8t~m to the next involve a complex 

layout of multiple excavations. Owing 

to their crucial importance for access 

and hoisting of ore, the permanent stability 

of these excavations must be ensured. 

Further, owing to the depth, the stress 

field is large, and it is important to 

avoid interaction of the excavations which 

might raise the stress levels further. 

The proposed layout of excavations for 

the transfer horizon of a deep level mine 

is shown in Figure 4. 

,-------,---- - - ---
/" /''\, / > </ " 

/ " """ ("// ,",-Possible allernative p\, .,./> 
" locations ' ... 

Main vertical 
/ shafts ~ ______ 

/ )0 Preferred locat7'on ----0 o Sub vertical" 
shafls //' "-

M~CHAMBERB 
CtIAMBER~~levels of 

hoist chambers 

25 metres 25 m apart 

FIGURE 4. Hoist chamber layout with alternatives 

In addition to the shafts and excavations 

shown in Figure 4, there are numerous inter-

connecting tunnels, shaft bank excavations 

and inclined ropeways. The two levels 

shown in Figure 4 are separated by 25 m. 

It was not possible to assess the deg ree of 

excavation interaction in this layout satisfac

torily using two-dimensional analyses, and 

therefore a three-dimensional approach was 

required. Two phases of analYSis were planned: 
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a) 

b) 

Preliminary analysis to assess degree 

of interaction, 

Detailed analysis, 1f necessay, 

to determine the effects of interaction. 

In the first phase, Chambers A and B, the 

two closest tog ether, were modelled as 

shown in Figure 5. 

FIGURE 5. Boundary element model for two inleracting hoist 
chambers 

No other excavations were modelled. 

Instead, stresses were calculated at locations 

of these other lesser excavations, and 

along shaft and tunnel axes. I n this way 

it was possible to determine whether there 

was signific.ant modification of the field 

stresses at these locations caused by 

the proximity of Chambers A and B. The 

results of the analysis showed that there 

was limited interaction of Chambers A and B, 

and that interaction effects at the other 

excavation locations were negligible. It was 

therefore unnecessary to extend the modelling 

to the more detailed analysis phase. 

With such a complex layout of excavations, 

the only possibility of establishing con

clusively the potential interaction effects 

is by the use of a three-dimensional approach. 

The example described above illustrates 

that this approach can be carried out 

in a very simple and practical way to 

achieve the design objectives. 
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Open stope mining layouts 

A layout of multiple stope excavations 

for an open stoping operation at Freda 

Mine is illustrated in Figure 6. 

n , 
, 

\ : 

"--____ J 

§§:::---- :::-
, 

--- ----

--- ---- ---

I \ __ ~- """'"\ ----+1-- ',--- :,' " , , , 
--.:. ----- ---

_. ---- ~ 

FIGURE 6. Boundary element model for Freda Mine analysis 

It shows the definition of the excavations 

using non-conforming quadratic elements. 

The ore body is tabular with thickness 

varying between 5 m and 30 rn, and dipping 

at an angle of 70' to the horizontal. The 

range of depths below surface of the excava

tions shown is 150 m to 600 m. The ore body 

and surrounding rocks are strong (greater 

than 150 MPa rock material strength), 

and only localised areas of failure have 

been observed at current extract i on. 

Four mining layouts were analysed, aa 

shown diagrammatically in Figure 7. 

The mining layout existing at present 

is represented by step 1 in Figure 7. 

Comparison of the calculated results 

for this step were then compared with 

the conditions observed from underground 

inspections as a means of validating the 

theoretical mode 1. It was found that 
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there was good qualitative agreement, 

i.e. where the model predicted high 

stresses, some distress was observed under-

ground, and the calculated stresses at 

these locations were of the same order 

as the assessed rock mass strengths. 

This first step therefore provided a good 

basis for the analysis of subsequent mining 

layouts as shown in Figure 7. Answers 

to several specific queries were required: 

a) In step 2. wha-1:: would be the effect 

of increasing the main stope dimensions 

in the strike direction on the existing 

draw point areas, access drives 

and shafts? 

MAIN 
SHAFT 

FIGURE 7. Sequentiaiiayouts for open stoping example 

4D 

b) 

11) 

What is the effect of increased 

extraction to deeper levels on existing 

access tunnels and shafts? In parti-

cular, 

Should the existing pillars between tho 

four small existing stapes at the deepe8t 

level be left to provide stability? 

What size of shaft pillar is required 

to ensure stability of the shaft, 

since the deepest stapes at present 

are very close to the shaft? 

i11) Can the sub-vertical shaft be maintained, 

since its top level is in the ore body and 

the hoist chamber and rope raises are in 

highly stressed areas? If so, what 

size of shaft pillar would be required? 

iv) Would significantly different conditions 

result in the footwal1 and hangingwall 

from the increased extraction? 

The analyses carried out using the three

dimensional boundary element analysis package 

provided the answers to the above queries 

and allowed rational mine planning decisions 

to be taken. Data preparation and running 

of the analyses required less than 40 man 

hours. which confirms that the method is 

now a very practical tool for mining problems. 

Draw point layout model for a block cave mining 
operation 

Use of LHD layouts for cave mining operations 

is becoming increaSingly popular. Numerous 

different horizontal layouts are currently 

in use at operating mines.
6 

A large block 

cave mining operation will require develop

ment of from 500 to 2 000 or more draw 

points together with associat~d access 

tunnels and draw troughs. The structural 

stability of such a layout must clearly 

be a major consideration in the design 

of the layout. The ability to prOvide 

a quantitative cOl1lparison of the relative 

stability of alternative draw point 

structures is very desirable. However, 

the overall geometry is far too complex 
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to be modelle d in its entirety by current 

numerical models . 

The approach ~ hlch has been adopted 

he re to tsckle this pr oblem is to carry 

out a two - stag e analysi s. First stage 

mo del l i ng looks at the g l obal picture 

.... hic h comilders the production ex,cavations 

(block cave areas) as a whole. Ind ividual 

draw points and access tunn els ar e no t 

model l ed yet. The s tress dist ribution 

ca lculated be l ow the base of the g l obal 

model during the various stages of development 

an d production provides a starting point 

for the local or detailed 1D0del (FIgure 8) . 

It is thi s detailed or local mode l which 

provides an almost ideal opportunity f or the 

application of the repeatability techni que 

to reduce problem size and numerical coropu-

A) "ACTUAL" 

8' 9J12~1. MOOEL c 
0 , 

OOOlllllllltJOOAA F 
G 

Cl '"''' .e,'" 

FIGU RE 8. Schl:matic diagram of a block cave showing local 
and global models 
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FIGURE 9. Geometry used to model detailed draw point 
layout 

t a t ion effort. Details of the tecmique are 

giv en by Diering . 5 Es sentially, it 18 

poss ible to dis cretlse only one draw trough 

and its iImlediate access tunnels. Nei ghbouring 

draw troughs (images) are then modelled 

by the program as behaving in an identical 

manner to the central draw t rough (ob ject) . 

An example of the draw tro ughs for 

one of the mode l s is shown in Figure 9. 

The access tunnels for t hese d raw troughs 

are also shown in the figure but ha ve 

be e n separa t ed t here f or clari t y. The 

geometric couplexity of this examp le far 

exceeds that of the two pre~lou8 examples, 

and yet the geometry as shown in the figure 

has been model led with l ess than 50 elements. 

With the basic geome tr y as sho wn , i t 

is then possibl e t o mod el the var ious 

stages of deve l opment of the system from 

t he ini tlal tunnel layout (bo tt om half 

of Figure 9) through t o the unde rcut and 

draw sequences. Regions of low confinement 

eau be identified and app ropriate support 



designed to minim ise dalll age potential. 

Alternat ive l y , dif feren t l ayouts can be 

compared with one another with a view 

to i ndentifying the strongest layout. 

Both the techn ique of rep eatabil ity 

and its ap plicati on to the modelling of 

draw poi nt layout s are ve r y r ecent. 

Current res earc h is aillled a t tidying up 

t he II:Ie t hod. 

Hopefull y , however, the examp l e presented 

here has s erv ed to demons trate the 

tremendo us poten tial which exists for 

the use of this type of numerical metho d 

as an a id to the design of draw poin t 

layouts. 

Conclusions 

A bri e f o utl ine of the phi l osophy of 

applicati on of three - dim e ns.ional stres s 

analysi s technique has been presented, 

together with a descriptio n of a new 

boundary e lement formulation which ha s 

been deSi g n ed specifically for mining 

problems . t hree examples of the appli cation 

of the method show that even complex three

dimensional st ructures may now be mode lled 

economical ly and efficiently . Whilst these 

underground excavation$ are not modelled in 

every detail, they are modelled with sufficient 

accu r a cy to pr ovide a usefu l design ai d 

for t he design of underground . excava tions , 

mine layouts and min ing sequences. It 

must be emphasised that sound engineering 

judgement is st ill necesss ry to provide 

the link between the output from ttE computer 

ana l yses and a final min!ng plan. 
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