




The classical statistical analysis of variance

In classical statistics, the average of all replicates for the
same sample is calculated. The difference between the
replicate value and the ‘local’ average is calculated and
squared. Since we have the same number of replicates for
each sample, we can simply add all these squared ‘deviations’
and divide by 164.

The analysis of variance table calculated on logarithm of
grade is shown in Table I, showing that the variation
between samples is around 500 times higher than the
variation between replicates within a sample. Of course, this
type of analysis is predicated on normal sample values
(hence the logarithmic transform) and on samples being
taken randomly and independently. This latter assumption
would seem to be severely compromised in such a study as
we have described here. 

Note: a similar calculation carried out on untransformed
(raw) values gives an F ratio statistic of 567. 

The semivariogram calculation for pairs of samples at zero
distance

When a semivariogram is calculated, each sample is paired
up with every other sample. The difference in value between
them is calculated and squared. All of the pairs within a
given distance ‘interval’ {h–δh, h+δh} are identified and these
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Figure 6—Probability plot of original 41 assays from contiguous sampling exercise

Figure 7—Semivariogram from replicated sampling, Simms Lode

Table I

The analysis of variance table

Source of variation Sum of Degrees of Mean F-ratio
squares freedom square

Between replicates 2.1782 164 0.0133
Between samples 269.00 40 6.7251 506
Total variation 271.18 204

Replica249.64

154.47

95.583

59.145

36.598

22.646

14.013
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5.3656
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squared differences are summed and averaged. In normal
circumstances, no pairs are found at zero distance, so this
interval {0, 0+δh} is generally not considered by most
software packages. In this study, we had the opportunity to
calculate pairs at zero distance, h=0. For each sample, we
have 5 replicates, providing 10 distinct pairings for each of
the 41 samples. 

Using only unique pairs of replicates, our software
calculated the point at zero distance. We also verified this by
setting up a spreadsheet calculation with all the replicate
pairs considered. Using logarithms of grades, we find that the
semi-variance for replicate pairs at zero distance has a value:

γ*(0) = Σi = 1
41 Σj = 1

5   Σk = 1
5

{gij – gjk}2 / 2n = 0.0133

where, in this context, gij denotes the jth replicate on the ith
sample and N is the number of pairs found. This value is
exactly the same as the mean square found in the statistical
ANOVA table—without needing to assume independent
random sampling. 

It would seem that, no matter which way we calculate the
replication error—the replication variance or the semivariance
at distance zero—the answer is 0.0133 (logelb/ton)².

Summary of nugget effect study

A special sampling scheme was carried out where samples
were taken in a continuous fashion along a 20 foot section of
development drive; 41 samples were available for this study.
Five assays were obtained from each individual sample. The
semi-variogram calculation and modelling suggests that the
model fitted would intersect the axis at 0.2 (logelb/ton)²—this
is the definition of the nugget effect parameter. 

The nugget effect should include any random errors
incurred by sampling procedures as well as inherent
variability of the ore deposition itself. Hence the term ‘nugget
effect’ was coined when considering the likely difference
between a (say) gold sample with a nugget in it and one
immediately next to it with no nugget in it. 

Using the replicates, we find that the ‘assay error’
associated with the vanning process gives rise to an actual
nugget effect of 0.0133 (loge lb/ton)²—around 6.6% of the
total apparent nugget effect. In cruder terms, there is 15 times
as much variance between two samples six inches apart than
there is between replicate assays on the same sample. 

Why should we bother?

Specifying a non-zero value for the semivariogram at zero
distance has two major impacts on a geostatistical estimation
exercise. 

➤ In the kriging system, the equations each include a
term for the semivariogram value between the sample
and itself. In effect, the diagonal of the sample/sample
matrix contains γ(0). If we use zero here, we will get
one set of ‘optimal’ weights. If we use the nugget
effect, we get a different set of ‘optimal’ weights. Which
set is really optimal? In addition, if we do not use zero,
the kriging system will not honour the data values
when it tries to estimate at a sampled location. 

➤ The estimation variance for a linear geostatistical
estimator is commonly expressed as:

σε2 = Σi = 1
k wiγ (gi, A) – Σi = 1

k Σj = 1
k wiwjγ (gi, gj) – γ (A,A)

where gi denotes sample i and A denotes the location at
which an estimate is required. K is the number of samples
used in the estimation. The terms affected by γ(0) are:

– Σi = 1
k Σj = 1

k wiwjγ (gi, gj) – γ (A,A)

which reduces to 

– Σi = 1
k Σj = 1

k wiwjC0 – C0 = –{1+Σi = 1
k Σj = 1

k wiwj}C0

where C0 denotes the nugget effect value. As a simple
example, if all the weights were equal (1/k) the apparent
estimation variance is reduced by: (k+1)/k C0. 

In plainer terms, if we acknowledge measurement and/or
other sampling error in our data—i.e. γ(0) = C0—we have
more confidence in our estimator than if we trust our data
completely—i.e. γ(0) = 0. In addition, the less we trust our
data the more confident we get in the results.

Summary comments

We have discussed the concept of the nugget effect on the
semivariogram and whether the semivariogram model should
be set to zero at zero distance as opposed to some or all of
the nugget effect.

A case study to determine the assay error has been
described in detail. Standard statistical methods of analysis of
variance produce identical results to experimental calculation
of the nugget effect directly from the replicated sample
values. 

Finally we have shown that allowing the semivariogram
model to intercept the axis rather than go to zero produces
estimates which are apparently more reliable than assuming
the data are accurate.

These results are completely counterintuitive and suggest
that a more conservative measure of confidence is obtained if
we trust our data.
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