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Optimization of shape factor by the response 
surface method, and the effect on sphalerite 
flotation recovery
by T. Uysal1

Synopsis
Various morphological parameters that affect the flotation recovery of sphalerite were modelled and 
optimized using the response surface method (RSM). The effects of roughness value, shape factor, 
and collector concentration were investigated using the central composite full design method. The 
results were evaluated by analysis of variance. The optimum roughening time was found to be 25 
minutes, the optimum roughness value was 2.9071 µm, and the optimum collector concentration 
was 0.001 M. Using these values, a flotation recovery of 98.01% was obtained. Similarly, in shape 
factor studies, the optimum grinding time was 15 seconds, the optimum roundness value 0.7421, 
and the optimum collector concentration 0.0009 M, which resulted in a flotation recovery of 
94.30%. The average error between the optimization results and the experimental results was 
estimated to be less than 6%, and the R2 values were greater than 90%. The study shows that RSM 
can be effectively applied in finding the economic optimum condition for obtaining maximum 
flotation recovery with minimum reagent consumption.
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Introduction 
Particle morphology is the study of the surface shapes of particles. The major parameters are shape factor 
and roughness. Shape factor, roundness, angularity, and flatness are evaluated in two dimensions, while 
roughness is evaluated in three dimensions. In flotation studies, it is known that more angular particles 
result in higher recovery than round particles. This shows the role of the shape factor in flotation processes, 
and important gains can be achieved with appropriate particle morphology (Uysal and Güven, 2022). 
Another important parameter for particle morphology is roughness, or the topography on the solid surface 
(Rezai et al., 2010). Particle flotation and aggregation increase significantly with increasing roughness 
values (Uysal et al., 2021; Uysal, Karaagaçlioglu, and Guven, 2021). Recent studies have found that flotation 
recovery and particle aggregation increase significantly with increasing particle roughness and angularity 
(Yekeler, Ulusoy, and Hiçyilmaz, 2004; Vizcarra et al., 2011; Güven, Çelik, and Drelich, 2015; Güven and 
Çelik, 2016).

In the flotation of ores, the optimum distribution of flotation reagents and the optimization of the 
process parameters are of particular importance. Under optimum conditions it might be possible to develop 
a process flow sheet for economical sphalerite production  (Mehrabani et al., 2010). Optimization entails the 
use of statistical methods and approaches in interpreting, and analysing experimental engineering data. In 
traditional methods the effect of each variable on the process is examined in turn, the other variables being 
kept constant. This approach does not allow the effects of the variables on the process performance to be 
evaluated concurrently. It has become necessary to develop an experimental design that will measure the 
response of the system in order to use resources efficiently, reduce the number of experiments, save cost and 
time, and speed up research and development (Khuri and Mukhopadhyay, 2010; Aygün, 2012). 

The response surface method (RSM) has been developed for the planning and execution of experiments, 
and its use has become widespread in recent years. The RSM is constructed through model regression. 
The magnitude of the main effect of the variable on the process or its interaction with other variables on 
the value of the response variable is determined by the regression coefficient. The optimum value can be 
obtained by determining the effects on the responses using response surface patterns. Thus, using several 
experimental combinations, variable values and combinations that have not actually been tested can be 
estimated. The purpose of creating a ‘response surface’ is to predict a region that comprises the desired 
properties and the optimum point of this region in a design plane consisting of many variables that affect 
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the result in an experimental study. Results are statistically tested 
by analysis of variance (ANOVA) with 95% confidence. Thus, 
significance levels provide information about the reliability of the 
data (Turan and Altundoğan, 2011).

In industry, the type and conditions of the milling process have 
a significant impact on particle shape and roughness (Verrelli et al., 
2014; Rezai et al., 2010; Koh et al., 2009; Feng and Aldrich, 2000). 
In this context, by redesigning the milling process, particles can 
be produced with the desired morphology; flotation recovery will 
increase, and flotation collector consumption will be significantly 
reduced. In this study, the optimization of flotation parameters of 
sphalerite samples was investigated by RSM using roughness value, 
roundness value, and potassium amyl xanthate (KAX) concentration 
as independent variables. The effects of these parameters on the 
flotation recovery were investigated with a central composite full 
design, and mathematical models were developed. In addition, 
the interacting effects of independent variables were modelled by 
constructing three-dimensional response surface shapes.

Materials and method
Materials
Sphalerite lumps of +25 mm size were supplied by ESAN mining 
company, Turkey. The crystallinity of the samples was determined 
by X-ray diffractometry (XRD) using a Bruker D8 Advance 
instrument employing CuKα radiation from a long fine-focus Cu 
tube operating at 40 kV and 40 mA. According to the XRD results 
the sample consisted of 69% sphalerite, 17% galena, and 14% 
silicate. The XRD spectrum of the sphalerite sample is shown in 
Figure 1.

Method
The sample was crushed by a series of jaw, cone, and roll crushers, 
then ground in a 5200 cm3 volume ceramic cylindrical ball mill 
with alumina balls to prevent possible contamination from grinding 
media. Grinding was carried out on the –2+1 mm size fraction, 
which had a relatively low roundness. Samples were ground for 
15, 30, 60, 120, 240, 480, and 960 seconds. The product from each 
grinding test was subjected to sieving to separate the 74+38 µm 
fraction, and the roundness values of this fraction were measured. 
The particles in each sample were photographed using a digital 
camera. Roundness analysis was performed using the Image J 
freeware program. The roundness values were calculated using 
Equation [1] (Forssberg and Zhai, 1985; Ulusoy, Yekeler, and, 
Hiçyilmaz, 2003; Hassas et al., 2016):

 [1]

where P is the particle perimeter and A is the area.
The samples obtained at each grinding time were subjected to 

roughening with silicon carbide (SiC) with a size of –15 µm and a 
hardness of about 9.5. The SiC was then separated using a 38 µm 
vibrating sieve. The roughened samples were pelletized under  
10 MPa load for 5 minutes and the roughness of the pressed samples 
was measured with a contact profilometer (Mitutoyo SV-2100 
model, Japan). Care was taken to take as many measurements as 
possible (approx. 15 measurements) on each pellet surface) and the 
average value was taken as the roughness. The roundness results for 
different grinding times for the sphalerite sample are given in Table 
I, and the roughness results in Table II. The experimental flow chart 
is shown in Figure 2.

Microflotation experiments
Flotation experiments were carried out in a 25 × 220 mm, 150 mL 
volume, 15 µm frit column cell and a microflotation cell set up with 
a magnetic stirrer to prevent the sample in the cell from collapsing. 
Chemical grade KAX supplied by ECS Chemistry was used as the 
collector. KAX (C5H11OCS2K) is a highly vigorous non-selective 
collector commonly used in the flotation of sulphide ores.

For the microflotation experiments, the desired amounts of 
collector and distilled water were mixed for 3 minutes. The sample 
was then added and the pulp was conditioned by mixing with a 
magnetic stirrer for 5 minutes. Tthe conditioned suspension was 
transferred to the microflotation cell and flotation was carried out 
with N2 gas supplied to the cell at 3 psi pressure and a flow rate of 
50 cm3/min for 1 minute. The float and sink products were filtered 
on filter paper and dried in an oven, and the flotation recovery 
calculated. 

To test repeatability, all experiments were performed at least 
three times. All flotation experiments were carried out at natural 
pH, keeping parameters such as time, mixing speed, and air flow 
rate constant. Microflotation experiments were carried out on 
samples with low, medium, and high roundness and roughness 
values at different KAX concentrations in order to observe the effect 
of particle morphology. The flotation experiments were carried out 
with very fine particle size (-74 + 38 µm) and the particles became 
spherical with the effect of comminution and tended to clump 
together in the pulp. It has been established that agglomeration 
increases with roughness and roundness (Uysal et al., 2021).

Experimental design
RSM is a correlation-based experimental design and statistical 
modelling method that reveals trial patterns that aim to reach the 
point where the response variable takes its maximum value on the 

Figure 1—XRD spectrum of the sphalerite sample
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response surface with the least possible number of observation 
values (Mead and Pike, 1975). Central composite design (CCD) 
is used extensively in building the second-order response surface 
models. It is one of the most important experimental designs used 
in process optimization studies (Obeng, Morrell, and Napier 2005; 
Aslan and Fidan, 2008). Statistical analyses were performed using 
Minitab 18 (Version 18.1.0) software. In this study, the central 
composite design method was used. Results were statistically tested 
with analysis of variance (ANOVA) with 95% confidence. A total 
of 13 experiments were performed for two factors according to the 
central composite full factorial design method (Box and Hunter, 
1957; Obeng, Morrell, and Napier, 2005). Response values obtained 
from the experimental studies, coefficients of the response model, 
standard deviations, and size were determined by regression 
analysis. The quadratic polynomial in Equation [2] was used to 
explain the dependent variables.

 [2]

Here, Y is the function of the independent variables coded 
in terms of dependent variables Xi and Xj. β0 is the regression 
coefficient, βi is the linear coefficient, βii is the quadratic coefficients, 
and βij is the binary interaction coefficient. The values of the 

independent variable coded in the experimental design and 
the values of the dependent variable obtained as a result of the 
experiments are given in Table III.

Results and discussion

Analysis of variance
ANOVA was applied to ascertian if there was a significant difference 
between the means of the factors. ANOVA results showing the effect 
of roughening on the flotation recovery are given in Table IV, and 
results showing the roundness effect in Table V.

Table I

Variation of the roundness index with grinding time  
(Uysal et al., 2021)

Grinding 
time (s)

15 30 60 120 240 480 960

Roundness 
index

0.740 0.722 0.736 0.760 0.749 0.721 0.720

Standard 
deviation

0.069 0.073 0.061 0.093 0.071 0.075 0.079

Table II

Variation of roughness values with roughening time  
(Uysal et al., 2021)

Roughening time (m) 0 15 30 60

Average roughness value, µm 2.269 2.761 2.980 3.310
Standard deviation 0.246 0.399 0.348 0.426

Figure 2—Experimental flow chart

Table III

Values of independent and dependent variables used in 
experiments
Factor A Roughness value (µm) 2.269-2.761-2.98-3.31
Factor B Roundness value 0.720-0.749-0.760
Factor C KAX concentration (M) 1.00E-06-5.00E-06-1.00E-05-

5.00E-04-1.00E-03

Response Flotation recovery (%) 0-100

Table IV

Analysis of variance (ANOVA) for the roughening effect

Source DF Adj SS Adj MS F-Value P-Value

Model 5 2062.01 412.40 11.99 0.003
Linear 2 1941.65 970.82 28.23 0.000
Factor A 1 740.90 740.90 21.55 0.002
Factor C 1 1053.22 1053.22 30.63 0.001
Factor A*Factor A 1 46.99 46.99 1.37 0.281
Factor C*Factor C 1 35.44 35.44 1.03 0.344
Factor A*Factor C 1 344.00 344.00 10.00 0.016
Error 7 240.69 34.38 − −
Lack of fit 6 240.69 40.12 − −
Total 12 2302.70 − − −

Table V

Analysis of variance (ANOVA) for the roundness effect
Source DF Adj SS Adj MS F-Value P-Value

Model 5 4591.28 918.26 30.02 0.000
Linear 2 3887.26 1943.63 63.55 0.000
Factor B 1 206.12 206.12 6.74 0.036
Factor C 1 3843.28 3843.28 125.67 0.000
Factor B*Factor B 1 11.80 11.80 0.39 0.554
Factor C*Factor C 1 272.33 272.33 8.90 0.020
Factor B*Factor C 1 166.47 166.47 5.44 0.052
Error 7 214.08 30.58 − −
Lack of fit 6 214.08 35.68 − −
Total 12 4805.36 − − −
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Factors to the left of the dashed red line in the Pareto chart have 
no effect on the answer, while those to the right have an effect on the 
answer. In other words, it was observed that the roughness value, 
roundness, and KAX concentration were effective. In addition, it is 
seen that the effect of collector concentration is greater than that of 
the roughness and roundness values. ANOVA analysis also supports 
this conclusion. It was observed that the effect value of roundness 
was low. Uysal et al. (2021) also concluded that the shape factor 
values are very close to each other, so the effect is low compared to 
other parameters. The lowest form factor value is 0.720, while the 
highest value is 0.760, a difference of only 0.040.

As seen in Figure 4, as the roughness and KAX concentration 
increase, the flotation recovery increases significantly. Efficiency 
similarly increases. It is clear that the effect of collector 
concentration on flotation recovery is greater than that of the 
roughness and roundness. Also, the roughness value is more 
effective than the roundness value. While the flotation recovery 
is 41.10% at the lowest roundness and lowest KAX concentration, 
it increases to  52.27% at the lowest roughness and lowest 
concentration value. Thus, the order in which the factors affect 
the flotation recovery is collector concentration > roughness > 
roundness. The correlation of the parameters with the flotation 
recovery was determined by the Minitab program, as was the 
Pearson correlation coefficient for linear curves. Accordingly, the 
closer the coefficient value is to ±1, the stronger the correlation. The 
correlation coefficient between roundness and flotation recovery 
was found to be 0.151, and the P-value 0.622. This result indicates 
a weak positive correlation. Similarly, the Pearson correlation 
coefficient between roughness and flotation recovery was found 
to be 0.586, and the P-value 0.035. This indicates a strong positive 
correlation.

Optimization and validation
The aim of the optimization is to determine the optimum roughness 
value, roundness, and collector concentration and to obtain the 
highest flotation recovery corresponding to the optimum operating 
conditions. All factors were optimized simultaneously. The results 
are shown in Table VII and the contour graph created by the model 
is shown in Figure 5.

Table VI

Model summary statistics
Factor Standard deviation R2 R2 (Adjusted)

Roughness 5.86 89.55% 82.08%
Roundness 5.53 95.54% 92.36%

The most important criteria to consider in the ANOVA table 
are the F-value and the P-value. For a factor to have an effect on the 
response, the P-value must be less than 0.05 (Box and Hunter, 1957; 
Obeng, Morrell, and Napier, 2005; Hirotsu, 2017). The F statistic 
should be used in conjunction with the P-value when deciding 
whether the overall results are significant. For a factor to have an 
effect on the response, the P-value must be less than 0.05 (Whitley 
and Ball, 2002; Şimsek and Uslu, 2020). P-values greater than 0.05 
mean that the parameter is insignificant or has no effect on the 
response. Table IV shows that the roughness value and the collector 
concentration have a significant linear effect on the response. The 
collector concentration was more effective than the roughness value 
as indicated by the higher F-value and lower P-value. In addition, 
Factor A*Factor C was lower than 0.05, so both factors were found 
to be effective together. The expression of effect indicated here 
means a positive effect on the response surface. The effect value, 
on the other hand, is the quantitative expression of the positive or 
negative effect on the response surface.

In Table V, it is seen that the roundness value and the collector 
concentration have a significant effect on the linear response. In 
addition, Factor B*Factor C was 0.052, so the effect of both factors 
together was found to be low. The estimated quadratic polynomial 
model equations proposed by the software program for the flotation 
recovery response value are given in Equations [3] and [4]. Using 
these equations, the recovery can be estimated and the experimental 
result compared with the model estimate. Multiple coefficients 
of determination and standard deviation values for dependent 
variables are given in Table VI.

 
[3]

 

[4]

In Table VI, the multiple coefficients of determination are 
calculated as R2 = 89.55% for roughness, and R2 = 95.54% for 
roundness. The fact that these values are close to each other and 
to unity shows the success of the model. In addition, the R2 values 
and the adjusted R2 values are compatible with each other. This 
shows that the model fit is high. R2 values greater than 90% were 
obtained for the responses, and accordingly the RSM model created 
has the ability to accurately predict the effect on the flotation 
recovery responses at different roughness, roundness, and collector 
concentration values. The Pareto chart created by the model is 
given in Figure 3, and the three-dimensional graphs drawn to better 
understand the correlation between the factors are in Figure 4.

Figure 3—Pareto chart of the standardized effects (α: 0.05)
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The optimum roughness value was found to be 2.9071 µm and 
the optimum collector concentration was 0.001 M. The response 
corresponding to the optimum roughness value and collector 
concentration is 98.01% recovery. Similarly, the optimum roundness 
value is 0.7421, the optimum KAX concentration is 0.0009 M, with 
a flotation recovery is 94.30% for these values.

The contour plots in Figure 5 confirm the optimization results. 
It is seen that as the roughness value increases, a high flotation 
recovery is obtained even at low collector concentrations. The 
roughness value is a very effective parameter. For example, while 
the efficiency is 60-70% in the 0.0001 M concentration region 
at a roughness value of 2.4, it increases to 80-90% at the same 
concentration at a roughness value of 3.2. Although the roundness 
value is not as effective as the roughness value, similarly, as the 
roundness value increases the same flotation recovery is obtained 
at a lower concentration value. Thus, even at low collector 
concentrations, higher flotation recovery can be obtained by 
optimizing the shape factor.

The optimum operating parameters obtained from the 
optimization exercise and the experimental results were compared. 
The results and the percentage errors are given in Tables VIII and 
IX. The errors were calculated with the formula in Equation [5].

 
[5]

It can be said that the optimization study was successful 
because the mean error value was below 6% for both morphological 
parameters. In the literature, there are studies with a similar or 
higher error (Kumar et al., 2020). Obviously, the values optimized 
by RSM were deduced to be significant.

Conclusions
In order to obtain the highest flotation recovery, the optimum 
roughness value, roundness, and collector concentration were 
determined and an optimization study was carried out using RSM.
 ➤  The roughness value and the collector concentration have 

a significant effect on the flotation response. The collector 
concentration value is more significant than the roughness 
and roundness values. The weak effect of roundness may 
be due to the fact that the roundness values are quite close 
to each other. The order of effectiveness of the parameters 
on the flotation recovery is concentration > roughness > 
roundness.

 ➤  The correlation of the parameters with flotation recovery 
was determined by the Minitab program. Accordingly, while 
the correlation between roundness and flotation recovery is 
weak, there is a strong correlation between roughness and 
flotation recovery and collector concentration and flotation 
recovery.

 ➤  According to the roughness studies, the optimum 
roughening time was found to be 25 minutes, the optimum 
roughness value was 2.9071 µm, and the optimum collector 
concentration was 0.001 M. Using these values, the flotation 
recovery was found to be 98.01%. Similarly, in shape factor 

Figure 4—Variation of flotation recovery with roughness value, roundness, and collector concentration (hold value: 30 min, 2.7895 µm, 0.0005 M)

Table VII

Optimum operating conditions and corresponding responses

Factor Optimum 
value

Optimum 
value

Concentration, 
M

Response 
fit, %

Roughness 25.01 min 2.9071 0.001 98.0059

Roundness 15 s 0.7422 0.0009 94.3014

Figure 5—Contour plots of response
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studies, the optimum grinding time is 15 seconds, the 
optimum roundness value is 0.7421, and the optimum 
collector concentration is 0.0009 M, for a flotation recovery 
of 94.30%.

 ➤  The optimization study was successful, as indicated by the 
R2 values being greater than 90% for all responses obtained 
as a result of the regression, and the mean error value for 
both morphological parameters being less than 6%. This 
shows that the RSM model has the ability to accurately 
predict the effect of different morphological particles on 
flotation recovery.
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