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SYNOPSIS 

All mining and milling complexes can, within limits, operate at a variety of production rates. Factors of economic 
impo£tanoo that 8rc affected by production rales an: costs per unit production, recovery and product grade. 
Ooce the relationship bct"""«D 100 production rate and cost ia establ ished. dynamic prov.uwnins techniques 
can be used to define the optimum productio.n schedule ( that is, the production schedule tha t n18ximizc the 
present worth of the operation) for the life of the deposil. 10 aeoeral, assuming that the capacity and efficiency 
of the phJ!lk al plant remain unchanged throughout the life of tlte de~t, the optimum production rale is not 
constant for the life of the deposit, but dec!irwa JCadually as the dePOSiI is being exhausted. 

INTRODUCTION 

As in ~ry business venture, the primary objective of a 
nUIliDS operation is to earn money for tbose who lIupply the 
venture capital. Therefore, all decisions concerning the 
operation of the mining operation should be made in the 
light of the resulting eITcct on profit. The ultimate control is 
on profit, but the process is controlled, for example, by 
aiming at a production rate knowing its eITed on profit. 

TI'Ie llOrmal procedure used to determine the profitability 
of a venture is to obtain the ' present worth' of all costs and 
incomes baclc to some arbitrary year zero. every company 
has made a management decision as to what it will require 
as a minimum return before it will undertake an investment. 
Once the economic analysis is completed, investment will be 
mado only if the venture shows a positive present worth. 
If two alternatives are available, the alternative with the 
larger positive present worth ill chosen (assuming equivalent 
iOvtStmenls). The same principles can be applied to the 
selection of a production schedule, that is, different production 
schedules can be ev:tlUllttm o n the basis of -the present worth 
of the net income they produce. 

DETERMINATIO N OF AN OPTIM UM 
PRODUCTION SCHEDULE 

The determination of an o ptimum production schedule is 
essentially a problem of trading net iooome early in the life 
o f the mine for net iooome later. A high production rate today 
may result in a larger current income. The question is, will this 
income compensate for the loss of income at some future 
time because of depletion orthe ore body? Also, the income is 
Dot directly proportional to the rate of production since, at 
higher production rates, metallurgical efficiencies are lowel" 
and, conseqncntly, the gross income from a ton of ore is lower. 
The classical solution to this problem would involve listing aU 
possible production schedules for the life of tbe mine, 
calculating the net present worth from each :lnd then choosing 
that schedule which win yield the largest positive present 
worth. This could be an enormous task. However, the 
techniques of dynamic programming reduce greatly the 
number of alternatives that need to be analyzed in detail. 

Dynamic programming techniques are a consequence of 
Bellman's 'principle of optimali ty', wh ich states: 'An optimal 
policy has the property that whatever the initial s tate and 
initial decisions are, the remaining decisions must constitute 
an optimal policy with regard to the state resulting from the 
previous decision.' This can be rephrased conversely and in 
light of our problem as 'jf you do not realize the highest 
return possible with what you have left in the dcposit, you 
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would no! have made the highest return possible with the 
entire deposit'. Implied in the principle is that the past 
decisions do not affect the results of future decisions. For 
example, in processing a block of 1 000 tons of ore tbe return 
would be identical whether that block represents part of the 
first 500 000 tons put through the mill or the last 500 000 tous 
put through the mill. The return from a particular block of 
ore is only a function of the type of ore, mill efficiency and 
smelter schooulc and is not a function of the production 
schedule. 

The mechanics of dynamic programming are discussed by 
BelIman ( 1957) and will not be dealt with here. The following 
examples will, however, demonstrate the power of this 
technique for determining an optimum production schedule 
and the economic udvautage of using it. The optimum 
production schedule is defined as that production schedule 
which results in tbe highest present worth of mineral deposit 
and existing physical pL'll1t. 

The data needed to develop tbe optinmm production 
scbcdule are: deposit size, feed gr~. IDilximl)m tonnage 
throughput, minimum controllable variation in throughput, 
fixed mining cost, fixed concentrating cost, variable mining 
cost, variable concentrating costs, a quadratic equation 
relating throughput to grade, market price for the concen· 
trate, smelter charges, transport cost to the smelter and 
the decision of management on the acceptable return on 
investment In Table I are listed the data which arc used in 
the 's tandard case' of the examples presented. The constant! 
in the quadratic equation relating concentrate grade to 
throughput and the constants in the equation relating recovery 
to throughput are the only data not readily available at most 
plants. This infommtion can be obtained, however, as showu 
by Roman (1969) or may be developed at tIle same time the 
optimum production schedule is determined, as will be 
demonstrated later. 

Once the input informatjon has been collected, tlle profit 
per period for each possible production rate is calculated by 
the same methods presently used to forecast profit. Figure 1 
is a plot of the profit per year and profit per ton as a function 
of the throughput for the example outlined in Table I. Tbo 
throughput associated with the maximum profit per ton and 
profit per year are 900 ton/day and I 375 ton/day, respectively. 
The permissible operating range is between these (wo levels 
as can be demonstrated by the followiog reasoning. H a mill 
were to operate at I 600 ton/day, the profit per ton and profit 
per year would \)e $0.683 and $399 099, respectively. By 
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operating at about 1 125 ton/day the same profit per year 
would be obtained; however, the profit per ton would be about 
SO.968. In addition, the unprocessed 500 ton/day would still 
be available to add to the profit at some later date. Similar 
logic can demonstrate that profits from production rates of 
less than 900 ton/day can be equalled or exceeded by rates 
of more than 900 ton/day. 

TABLE I 

DATA USED IN THE 'STANDARD CASE' EXAMPLE 

Deposit size, tons . . . . . . . . . . 
Feed grade, % . .. . .... . . . 
Maximum tonnage through mill, ton/day 
Minimum controllable tonnage through mill, ton/day 
Fixed mining cost, S/year 
Fixed concentrating cost, S/year 
Variable mining cost, S/ton 
Variable milling cost, S/ton 
Net market price for metal in concentrate, $/lb (after 

subtracting 20 lb/ton) ...... . 
Smelter treatment eharge S/ton . . . . . 
Transportation cost (mill to smelter), S/ton 
Minimum acceptable ROI % 
Mill performance data: 

6000000 

0.55 

2000 

25 

25000 

25000 

1.10 

1.40 

0.45 
12.50 
10.00 

20 

Cone. recovery, % = 85.1 + 1.42 x 10-'. (TPD) - 1.2 x IQ-'. 
(TPD)', 

Cone. grade, % = 18.0 + 4 x IQ-' . (TPD) + 2 x 10-1°(TPD)", 
where TPD denotes throughput per day. 

500 

.... 
0400 
(I) 
>. 
"-
0300 
0 

~ 

After the possible or permissible operating rates have been 
determined, the next step is to select the operating rate or 
sequence of operating rates wlllch maximizes the present 
worth of the deposit and plant. In essence, this is a matter 
of trading a ton of production that could be turned into 
profit today for a discounted amount earned by processing 
that ton sometime in the future, taking into account the 
decrease in recovery and increase in concentrate grade asso
ciated with an increase in production rate. Dynamic pro
granuning is designcd to solve such problems. 

If each item of the input data is changed individually and 
systematically, a clear picture is obtained of the effect which 
variables have on the profitability and optimum production 
schedule of the operation. The variables can be divided into 
two categories: 
(i) those which change the profit versus throughput relation, 

and 
(ii) those which do not change this relation. 
The first group of variables includes all variable and fixed 
costs, feed grade, market price and the smelter schedule. 
The second group includes deposit size and minimum 
acceptable ROI or the time value of money. 

In the examples discussed the data in Table I are used 
with additional values of the variables being considered. 

Feedgrade 

Consider first the effect of average feed grade on the 
production schedule. The results in Table II show that as the 
average grade of the deposit is increased from 0.44 per cent 
to 0.66 per cent, the production level increases and, con
sequently, the life of the mine decreases from 16 to 13 years. 
However, the present worth of the deposit increases from 
about SO.S million to S3.5 million. 

1.00 

0.80 
c:: 
0 -060 "-

EA 
0 Possible 0 -EA 200 operating 0.40 't'-

o 0 - .... 
't'- range a.. 
0 .... 100 0.20 a.. 

0 
400 800 1200 1600 2000 

Production Rate , tons/day 
Fig. 1. Profit as a junction o/throughput. 
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TABLE II 

Ol'TlMUM PRODUCl1ON SCHEDULE AS A FUNCTION OP PEED ORADE 

Production tate (tons/day) 

V~, Feed grade Feed ~ade Feed grade 
0.44% 0.5 % 0.66 % 

I 1100 I 250 1450 
2 1100 1150 1450 , I lOO J 325 I 425 

• 1100 J 325 1425 
5 1100 J 325 1400 
6 1075 I 300 1375 
7 107' 1300 1330 • 1 075 1 275 1 300 , 1 030 1250 1230 

10 1050 1225 1 175 
11 1 025 1 175 1100 
12 1000 1130 973 
13 '" 1 075 73O 

" 
923 

" '" " 800 

Present ...... orth 
($) 480000 1920000 3454000 

Variable operating cost 

The effect of variable operating cost is shown in Table Ill. 
Combining the mining and concentrating variable costs and 
increasing them from 52 per ton to $3 per ton results in a 
production schedule that aims at achieving a better recovery. 
thus giving lower feed rates and a slightly longel: mine life. 
The present worth, however, decreases from $3.0 million to 
50.9 million because of the narrowing profit margin. 

TABLB ill 

OP'l'lMUld PRODuctION SCHEDULE All A FtrNctlON 01' VARIABLE COST 

Production rate (tons/day) 

V,,, Variable cost Varlable cost Variable cost 
S2.00/ton $2.5O/ton $3.00/too 

I 1500 1330 1175 
2 1475 1150 llSO , 1475 1325 "'0 
4 1450 1325 llSO 
5 1425 1325 "'0 
6 1 425 1300 ll50 
7 1400 1 300 1125 • 1330 1275 1125 , 1 325 J 250 llOO 

10 1275 1275 llOO 
11 1200 1175 1075 
12 1 125 1 150 1 050 
13 1 015 1025 

" 973 

" 925 

Present worth 
($) 3031 000 1 920000 898000 

Fixed operaling cost 

Variations in fixed operating cost have only a slight effect 
on the profitability of the hypothetical operation analyzed 
in the example because the fixed cost is only a small 
percentage of total costs (Table IV). Typically. the lower 
the fixed cost as a percentage of total cost the lower the 
production rates. 
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TABLE IV 

01"l1lWM PROOUCUON SCHEDVLB AS A f'UNCllON 01' FIXED ccxrr 

Production rate (tons/day) 
--y,,,, Fixed cost Fi)«:d cost Fixed cost 

$40 000/yr 5'OOOO/yr $60 OOO/yr 

I t 325 1 350 1350 
2 1325 13SO 1350 
3 1325 I 325 1325 • 1300 1325 1325 , 1300 1 325 1325 
6 J 275 1300 1 300 
7 1 2S0 1300 1300 • 1 225 1275 1 275 
9 1 200 I 250 1250 

IQ " 50 I 225 1225 
11 " 00 1 175 1 175 
12 t 025 I ISO 1 150 

I' 900 1075 1075 
I. 725 

Present worth 
($) 1966 000 1920 000 1 875000 

Market price 

The market price of metals varies as a result of supply and 
demand. However, if the operation under consideration is 
small, the market price can be considered constant with 
production rate. I f this is not the case, this analysis can be 
adjusted to make the proper correction. As the market price 
increases from 50.40 to $0.60 per pound of metal. the optimum 
production schedule (Table V) shows higher production levels 
and the present worth of the deposit is increased from 
$0.1 million to S3.8 million. In essence, this variable has 
nearly the same effect as changing the variable coot because 
of the low fixed costs in this example. 

TABLE V 

OPl'TMUM PRODUCTION SCHllD ULB All A l'TJNC!WN OF MARKET PRICE 

Production rate (tons/day) 

Y,u Market price Market Rrice Market nrice 
$0.40/1b $O.SO lb ~0.60 lb 

I 1 025 1350 1475 
2 1025 "50 1450 , 1025 1325 1450 
4 10"'-5 "25 1 425 
5 1 02' 1325 1 400 
6 1025 1300 1 375 
7 1025 1300 1 350 
8 1025 1 275 1300 
9 1025 1250 1 250 

IQ 1025 1225 1 175 
I I 1025 I 175 llOO 
12 1025 I ISO 950 
J3 1025 1075 725 
I' 1025 

" 1025 

" 1 050 

Present wor th 
(I) 139000 1920000 3843000 

Deposit size 

The optimum production schedules for three deposit sizes 
with identical p hysical plants are given in Table VI. As the 
size of the deposit is increased from 4.8 to 7.2 million tons 



by the development of mnre nre reserves, the productinn rate 
remains at a high level fm a longer period of time, the life of 
tile mi[le is increased from 11 to 16 years, and the present 
worth of the deposit is increased fron1 about :U.8 million to 
S2.0 million. Siguificautly, almost doubling the deposit size 
(without increasing the size of the physical plant of the opera· 
tion) produces only a 20 per cent increase in the present worth 
of the deposit. This is because the added tOllllage (or 
equivalent numbec of tons) is unavailable for processing until 
the original number of tons are prex.'esscd. Note, however, 
that althougb the profit at eacb production level is independent 
of deposit size, the optimum production level for smaller 
deposits is lower tban for large deposits. 

TABLE VI 

OPTIMUM PROnuCIION SCHl!DULB AS A FUNCTION Ol' DBPO.'lIT SIZIl 

Production rale (tonsfday) 

Y'a< Deposit size Deposit si~ Th:posit size 
4 800 000 tons 6000000 loos 7 200 000 tons 

I 1 325 1 350 t 350 
2 1 300 1 350 1 350 
3 1 300 1325 1 350 
4 1"5 1 325 1 325 
5 1 25" 1 325 1325 , 1225 1300 1325 
7 1200 1300 1300 
8 1175 1275 1300 , 1100 1250 1275 

10 1050 1225 1250 
11 9SO 1 I" t 225 
12 1150 1200 
13 1075 IISO 
14 1100 

" I 000 

" 900 
17 

Present worth 
(S) 1802000 1920000 1999000 

Acceptable ROT 

The final variable to be considered is the time value of 
money (Ta.ble VII). This variable is interesting because it is 
entirely a management decisioll and can be changed easily 
by tbe corporate board of di~tors jf they desire. An increase 
in the time value of mooey from 16 to 24 per ocnt will result 
in more empbasis 00 an early net casb How, consequently 
higher production rates, and thus shorter mine life. Also, 
because of a lower value assigned to profits made in the 
future, the present worth of this deposit is decreased from 
S2.3 million to $1.7 million. 

DETERMINING THE RELATION BETWEEN 
THROUGHPUT AND RECOVERY AND 
CON CENTRATE GRADE 

As pointed out earlier, all the information needed to detennine 
the optimuOl production schedule is normally available e,>;ocpt 
for the equations relaling concentrate grade and recovery 10 
throughput. However, the lalter is not essential if an EVOP 
(EVolutionary OPeration) technique is used in conjunction 
with the dynamic programming analysis to determine the 
optimum production schedule. This is done by approximating 
these equations by straight lines and assuming a reasonable 
slope for the lines. The analysis is Ihen made and the optimum 
product schedule determined. The mine and mill are then 
operated at the indicated tonnage ratc for a peeiod of time 
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and the recovery and concentrate grade dctcnnined for this 
new tonnage rate. Now, two points arc known on each, tho 
recovery and concentrate grade versus throughput curves, 
and the revised slopes are calculated. These steps are repeated 
until the desired degree of accuracy is reached. 

TABLE VU 

OPUMUM PRQDUcnON SCHl!OUU! AS A FUNCrION OF 'I1ME VALUB OF 
MON'" 

Production rate (tons/day) 

Y. v Time value Tinlc value Time value 
of money 

16 % 
of money 

20% 
of money 

24% 

I 1325 13" 13,. 
2 1300 13,. I "0 
3 1 300 U50 13,. 
4 1300 I 325 1325 
5 1275 I 325 I 325 , 1250 I 300 1325 
7 122S I 300 I 300 
8 1200 1275 1 275 , I 17S 12,. I2SO 

10 Il SO 12lS I ID 
11 1100 1175 I 175 
12 1025 IlSO 1125 
13 950 1 075 10SO 
14 ". IS 

Pre&ent worth 
($) 2264000 1 920 000 1 660000 

CONCLUSIONS 

A review of the effects of tbe variables discussed indicates 
clearly that the optimum production scllcduJc for a given plant 
size is not only a function of those variables which detennine 
the profit per ton or profit per year but is also a function 
of deposit size and the management.assigned 'time value 
of money'. 

A number of generalizations can be made about theoptimum 
production schedule: 

0) La,s< d.po,i" hovo a S1abl. p,oduotion "hadul •. It i, 
not until the last few years (10 to 15 years) of the life of 
tbe deposit tbat &Creasing throughput is found in tbe 
optimum production schedule. 

(ii) Tbe proportion of fixed cosls to total costs determines 
the operating range. It is po!siblo to have high fi'loo costs 
and low variable costs, and thus a small 'possible 
operating range'. Consequently, the production schedule 
may be nearly constant with time. 

(Hi) In the examples shown, the present worth of an operation 
was found to be of the order of only a few pcr cent 
higher when dynamic programming was used to determine 
the production schedule as compared with using a 
constant production level giving the largest net cash 
flow per year. The prescut worth achieved by dynamic 
progranuning is some IS 10 20 per cenl higher tban the 
worlh resulting from lIIe production level giving the 
highest net cash flow per ton of ore. The larger the 
possiblc operating range, the greatcr the economic 
advantage. 

The economic advantage of using dynamic programming 
in determining the production schedule is highly dependent 
on the particnlar case being examined. III general, operations 
with short lives and large profit margins show the greatest 
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iocrease iD present worth when the production schedule is 
determined by dynamic programming. 

A number of factors have been omitted from the examples 
for the sake of simplicity, such as various depreciation 
methods, taxes, and royalty agreements. All are easily 
incol'poral'ed into the analysis, and their effects would be 
similar to that of one of the variables presently included. 

It should be emphasized that the method presented here is 
not an improved method of calculatiog the profit from a 
given set of economic conditions and engineering data. The 
usual uncertainties win pe.nist. What is presented is a method 
for selecting efficiently the optimum from a large number oC 
pOllSible production schedules, the economic result of each 
beio& known or calculable. 
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