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This study deals with the development of some new theory concerning the 
bias which will result from the employment of the t-estimator if in fact the 
underlying distribution of ore values is not lognormal. It is found that the 
t-estimator is robust as long as the logarithmic variance is small and the shape 
factors of the transformed distribution are not unduly large. 

The choice of the threshold parameter 7 for the t-estimator is important, 
and some hints are given how to estimate it if the sample size is small, as en

countered in borehole valuation problems. 

Introduction 
One of the most important problems posed in mine valua
tion deals with the estimation of the average grade of a 
potential economic ore deposit. Typically, the number of 
individual observations available is small, say between n 
= 5 and 20. Whilst it is common practice to deflect in
dividual boreholes, thus multiplying the number of re
ported values by a factor of k, one cannot talk of, say, 
kn independent statistical observations owing to the high 
serial correlation between original and deflected ore values 
coming from the same borehole. It is therefore sound 
practice to average the original and deflected values for 
a single borehole, taking into account the possible core 
losses by some weighting technique. This then brings us 
back to n independent observations pertaining to n in
dividual 'borehole intersection areas' instead of kn in
dividual ore values. As boreholes are usually sited long 
distances apart, we can say with some confidence that 
the serial correlation between borehole intersection areas 
is zero for all practical purposes. 

Geostatistical methods cannot cope with few observa
tions as it is impossible to construct variograms. For this 
reason and the zero serial correlation between neighbour
ing boreholes, we have to fall back onto classical statistics. 

It is broadly assumed that the probability distribution 
p(z) of ore values derived from borehole intersection areas 
is of the lognormal type. Krige1 has shown that we often 
have to add a constant 7 to the original observations z 
before making the logarithmic transformation x = 

In(z+ 7). This device is useful in bringingftx 17) to near 
normality. Based on these premises the t-estimation tech
nique with its associated confidence limits has been 
developed by Sichef to estimate the unknown popula
tion mean E(z). 
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Difficulties with respect to the estimation of parameter 
7 for the very small sample sizes n encountered in borehole 
valuation problems have arisen from time to time. By 
comparing the unbiased arithmetic mean estimator z with 
the maximum likelihood estimator t, it has been establish
ed empirically that t sometimes overestimates and some
times underestimates systematically the true population 
mean E(z), depending very much on the choice of the 
threshold parameter 7. 

Another important aspect, discussed by Link and 
Koch,3 concerns itself with the usual assumption that 
the underlying ore value distribution p(z) is truly 
represented by a three-parameter 10gQormal. There exist 
many observed and theoretical frequency distributions 
which mimic the lognormal as they display unimodality, 
positive skewness and a very long-drawn-out tail to the 
right. Yet they are distinctly non-Iognormal. Link and 
Koch have done some useful empirical work on these 
'pseudolognormal' distributions, although their general
izations are not correct in every case. 

If in the practical situation we are presented with 5 to 
20 individual observations coming from a populationp(z) 
that is very positively skew, it is impossible to say definite
ly whether we deal with ore values which originate from 
a three-parameter lognormal or from some other pseudo
lognormal population. We cannot construct histograms, 
and the practice of plotting cumulative percentage fre
quency distributions on log-probability paper, to find that 
7 which results in a straight line, appears to be highly ques
tionable when dealing with only 5 to 20 independent 
observations. 

This investigation will develop some new theory deal
ing with the influence of pseudolognormal distributions 
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on the practice of employing the t-estimator when in fact 
we should not, speaking strictly theoretically. We will also 
make some suggestions with respect to the estimation of 
the parameter r given that the sample size is rather small. 

The bias function 
Let z be a non-negative continuous random variable with 
a distribution functionp(z) which has positive skewness. 

Make the transformation 

x = In(z+ r), 

where r;;:: ° 
and ° ~ z < 00. 

Consequently lnr ~ x < 00 

and z = f!- - r. 

It follows that 

f(x I r) = p(z) : = eXp(e' - r). [1] 

From this it follows that the ordinate of the log
transformed variable at the lower terminal lnr is 

f(lnr I r) = rp(O). [2] 

The first two moments around the origin of the x-variable 
are 

f-L{(x I r) = ]00 xf(x I r)dx = ]00 xeXp(eX - r)dx 

and f-Ll (x I r) 

InT InT 

lOO In(z + r)p(z)dz, 
o 

]00 K-f(x I r)dx 
InT 

InT 

]00 [In(z + r)]2p (z)dz. 
o 

[3] 

[4] 

Except for some special cases, these integrals cannot be 
solved explicitly if r > 0. 

The mean of the untransformed distribution, which 
represents the underlying population of the observed 
values, is 

E(z) ]00 zp(z)dz = lOO (eX - r)f(x I r)dx 
o InT 

]00 eXf(x I r)dx - r. [5] 
InT 

This expression may be written as 

E(z) = ef-L{,T]OO exp [(x- f-L{,T) aT]f(x I r)dx- r, 
InT aT 

[6] 

where f-L{,T and aT are the -respective mean and standard 
deviation of the transformed variable x. 

Expansion of the integrand leads to 

E(z) = ef-L{,T]oo [ 1 + (x- f-L{,T) a; 
Inr aT 1. 

( -, )20-: ] + X- f-Ll,T -f + '" fix I r)dx- r. [7] 
aT 2. 

4 

Asjoo(X- f-L{,T) f(x,r)dx = 0, 
InT aT 

]00 ~ fix I r)dx = ~, 
(

X ')2 m 

InT aT a; 

]00 ~ fix I r)dx = f-L3,T etc., 
(

X ')3 
InT aT er; 

where f-Lr,T is the r'th central moment of the fix I r) 
distribution, we find 

E(z) = ef-L{,T [1 + (f-LZ,T) ~ + (f-L3,T) ~ a; 2. er; 3. 

+ ... ] - r. (8) 

We now define 

.../(3 = f-Lr+Z for odd r [9] 
r r+2 ' a 

where the sign of the square root is that of f-Lr+2' 

Further, (3r = f-L~r for even r. [10] 
a r 

From [10] it will be seen that, for r 
(30 = 1. 

For r = 1, we have from [9] 

.../(31 = f-L; = ~;2' 
a f-L2 

0, we have 

which is the skewness coefficient for f(x I r) as originally 
defined by Fisher. 

For r = 2, we have from [10] 

(3 - f-L4 = f-L4 
2 - 4 Z 

a f-Lz 

which is the kurtosis coefficient of fix I r) as originally 
defined by Pearson. 

As f-Lz = ;, it follows that f-L/; = 1. 

Substitution of these coefficients into [8] leads to 

E(z') = ef-L{,T[ 1 + a; +.../(3 er; 
2! 1,T 3! 

+ (3 a; +.../(3 if,. (3 a~ 
2,T 4! 3,T 51 + 4,T 6! 

+ ... ] - r. [11] 

Equation [11] shows that the arithmetic mean of the 
original population of observed values may be expressed 
in terms of the mean, standard deviation and shape coef
ficients of the log-transformed variable x = In(z + r). 

If in particular p(z) is lognormal, we know that the 
population mean is 

[12] 
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Hence we can express the percentage bias of the wrong
ly assumed 3-parameter lognormal mean eT' compared 
to the true population mean E(z), as 

070 bias = 100 [~ - 1] 
E(z) 

I 

/J-I,T [3 4 
100e '(3 (fT «(3 3) (fT 

E(z) -v I,T 3T + 2,T - 4! 

5 6] 
+ ..) (33,T ;, + «(34,T - 15) ;, + ... . [13] 

The factors for the first two terms in the expansion in
side the bracket in Equation [13] are..) (31,T and (32,T - 3. 

These are the skewness and kurtosis shape factors as 
defined by Fisher, which shows that Fisher's definition 
was theoretically more convincing than Pears on' s. 

In the case of a truly lognormal distribution p(z) , fix I 7) 
must be normal and hence 

-J(3I,r = 0, (32,r = 3, ..)(33,r =·0, (34,r = 15 a.s.o. 

Hence the bias from Equation [13] is zero, which was to 
be expected. 

A closer study of Equation [13] leads to some important 
conclusions: 

1. If the logarithmic variance if,: is small, the percentage 
bias will be negligible, irrespective of the distribution 
form of the unknown underlying value distribution 
p(z). One may therefore apply the I-estimator with con
fidence. 

2. If the skewness of the log-transformed distribution 
f(x I 7) is negative, the I-estimator will overestimate the 
population mean E(z) provided, of course, that if,: is 
not small. The opposite conclusion holds if fix I 7) has 
positive skewness. Both statements have been observed 
in practice when one compared the arithmetic mean 
i with the I-estimate and one knew the skewness of 
f(x I 7) from a histogram. The theoretical explanation, 
however, was not known until now. 

3. Although the kurtosis coefficient (32 r is not as impor
tant as the logarithmic variance if,: 'and the logarith
mic skewness ..)(31 r' its influence may be gauged from 
makingf(x I 7) syinmetric but not normal. In that case 
..)(31 rand..) (33 T are zero. If we then deal with a heavy
tail~d f(x I 7) 'distribution «(32,r > 3), the bias will be 
negative and for thin-tailed distributions «(32,T < 3), 
the bias will be positive. As before, these statements 
are only correct if if,: is not small. 

Example 1 
The log-rectangular distribution is defined as 

p(z) = (hz)-I, for exp(/J--1Izh) :( z:( exp(/J-+ 1Izh), 
[14] 

where /J- and h are constants. 
I t is a positive skew distribution. If 7 = 0, the loga

rithmic transformation is x = lnz and 

f(x I 0) = h- I
, for /J--1Izh:( x:( /J- + 1Izh. [15] 

This latter distribution is symmetric and rectangular and 
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it has no tails at all, i. e. it is the extreme limit of the thin
tailed distributions. 

We, therefore, have 

2e!' 
E(z) = h sinh(1Izh) 

and /J-r,o = /J- and /J-2,0 = ~ = h2/12. 

Substitution of 1Izh = ..)3.(fa into [16] gives 

e!' . , 
E(z) = -,- smh( -v 3. (fo)' 

-v 3 (fa 

[ 
eI<+ y,c?a ] 

Hence, 0J0 bias 100 -- - 1 
E(z) 

100 ·(foe 0 1 
[

..)3 v,";; ] 

sinh(..)3·(fa) - . 

Numerically we obtain 

[16] 

[17] 

[18] 

0,0 0,5 1,0 1,5 2,0 2,5 3,0 3,5 4,0 

070 bias 0,0 1,2 4,3 9,2 15,8 24,1 34,2 46,2 60,4 

Example 2 
The log-Laplace distribution is 

p(z) = ~ exp [-..)2 I (lnz- /J-)/ (fo Il 
-v 2. (foZ 

for O:(z<oo, 

where (fo and /J- are constants. 

[19] 

It is positively skew. If 7 = 0 and the transformation 
is x = lnz, we obtain 

-..)2 x-/J-

f(x I 0) = ~ e (fa 
-v 2. (fa 

[20] 

for - 00 <x< 00. 

This is the Laplace distribution. It is symmetric and 
heavy-tailed. One can show that 

/J-(,o = /J- and /J-2,O = ~. 
Further, E(z) = j + 00 ej(x I O)dx 

- 00 

[21] 
1- 1Iz~ . o 

This leads to 

0J0 bias = 100[eI<+
Y2

<1u - 1] 
E(z) 

100 [(1- 1Iz~)eY2c?a - 1] . [22] 

Numerically one finds 

a~ 0,01 0,05 0,10 0,25 0,50 1,00 1,25 1,50 

"70 bias -0,0 -0,0 -0,1 -0,9 -3,7 -17,6 -30,0 -47,1 

We now proceed to investigate numerically the in-
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fluence of the threshold parameter 7 on the subsequent 
bias which is introduced by the use of lognormal theory 
when in effect the true underlying value distribution is 
positively skew but not lognormal. 

Example 3 
Let the true value distribution be negative exponential 

p(z) = Ae-"Az. 

Without loss of generality we can make A = 1, so that 

p(z) = e- z, for O~z< 00. [23] 

From elementary theory we know that 

E(z) = 1, var(z) = 1,'-"tJ,(z) = 2 
and tJ2(z) = 9. 

After transformation of x = In(z+ 7) we obtain 

f(x 17) = eTeX-e', for IllT~x< 00. [24] 

The ordinate at the lower terminal is, from [2], 

f(ln7 I 7) = 7p(0) = 7. [25] 

If we make 7 = 0, [24] becomes the double exponen
tial distribution 

f(x I 0) = ex-e', for - 00 <x< 00. 

From [3] one finds 

Il(,T = Il( (x I 7) = 1ll7+ e[ - Ei( - 7)] 

[26] 

[27] 

where - Ei( - 7) > 0 is the exponential integral. From [4] 
one obtains 

Il~ (x 17) = e[ ~2 +('Y+IllT)2-2Si71 0)] 

+ (ln7)2 - 2e(lllT)Ei( - 7). [28] 

In [28] 'Y is Euler's constant and 

00 i+ 1 

Si710) = L: (_1)i_(_. -1-
7
)'-('-1--:-)2 

i=O 1+.1+ 
[29] 

Consequently, the variance of the log-transformed 
variable x is, for this case, 

1l2,T = Ilix I 7) = III (x I 7) - [Il( (x I 7)]2 

e [~2 + (ln7+ 'Y)2 - 2S3(71 0)] 

- e2T[ - Ei( - 7)]2. [30] 

Third and fourth central moments and shape factors 
'-" tJ"T and tJ2,T are too complicated in mathematical terms 
but they are easy to evaluate via numerical integration 
on the computer. 

The % bias of the lognormal approach can be found 
from Equation [l3], If we use the expansion in terms of 
the shape coefficients and aT of the f(x I 7) distribution, 
we may get into some trouble if we have evaluated only 
'-" tJ"T and tJ2,T on the computer. This is due to the miss
ing terms involving higher tJ/ s unless aT is reasonably 
small. A safer and exact calculation is achieved by making 
use of the first part of Equation [l3], i. e, 
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TABLE 1. Bias arising from using lognormal mean if parent 
distribution is negative exponential with E(z) = 1. 

T 
I 

ill" il2" .J (31" (32" 0/0 bias 

0,00 -0,577 1,645 -1,140 5,400 27,79 
0,01 -0,527 1,394 -0,722 3,350 17,60 
0,02 -0,490 1,270 -0,581 2,973 13,64 
0,04 -0,428 1,104 - 0,412 2,638 9,20 
0,08 -0,330 0,902 - 0,215 2,390 4,86 
0,20 -0,116 0,604 0,088 2,274 0,41 
0,50 0,230 0,330 0,434 2,505 -1,62 
1,00 0,596 0,176 0,718 2,982 -1,72 
2,00 1,054 0,080 1,010 3,753 -1,20 
5,00 1,780 0,022 1,372 5,146 -0,48 

10,00 2,394 0,007 1,597 6,237 -0,18 
100,00 4,615 0,0001 1,943 8,556 -0,03 

% bias = 100 [e~l";:;'- 7 - 1]-

The first two moments of the f(x I 7) distribution are 
obtained by numerical integration on the computer. They 
are accurate to at least six decimals. 

For our present example we show in Table 1 the thres
hold parameter 7, the mean and variance 1l(,T and 1l2,T' 
the skewness coefficient '-" tJ"T and the kurtosis coeffi
cient tJ2,T' 

All coefficients and moments refer to the log-trans
formed f(x I 7) distribution in Equation [24]. To check 
on the accuracy of the numerical computer integration 
we also calculated Il(,T and 1l2,T from the mathematically 
exact formulae [27] and [30]. 

Examination of Table 1 brings out some important 
points which are universal, irrespective of what the parent 
distribution p(z) is: 

1. The mean of f(x I 7) increases monotonically with in
creasing 7. 

2. The variance off(x 17) decreases monotonically with 
increasing 7. 

3. The skewness coefficient of f(x I 7) increases mono
tonically with increasing 7. It usually (but not always) 
starts with a negative skewness, passes through zero 
and switches to positive skewness for larger 7' s. 

4. The kurtosis coefficient for fix I 7) starts high 
(iJ2,T > 3), passes through tJ2,T = 3 to become thin
tailed (tJ2,T < 3). It then reaches a minimum before 
turning upwards again to pass once more through tJ2 ,T 

= 3 and finishing off with a high kurtosis of tJ2,T > 3 
for large 7'S. 

5. Both shape coefficients '-" tJ 1 T and tJ2 T approach two 
limiting values asymptoticaily for v~ry large 7' s. As 
will be shown these are the skewness and kurtosis coef
ficients for the untransformed true parent distribution 
p(z). 

6. The % bias of the lognormal mean usually (but not 
always) starts high on the positive side. With increas
ing 7 it then falls and passes through zero which in
dicates no bias. By further increasing 7, the bias turns 
negative and reaches a relatively large minimum, i.e. 
it displays a strong negative % bias. By still further 

GEOSTATISTICS: THEORY 



30 

20 

'" Cl 

13 
;: 
<l) 10 ~ 
v Zero bias 0... 

/ 
0 

Tau 

FIGURE 1. Percent bias as a function of 7 for p(z) = exp ( - z) 

increasing 7 the negative bias will slowly disappear to 
approach zero asymptotically. This trend is best 
brought out by looking at Figure 1 where the 070 bias 
displayed in Table 1 has been plotted for 0~7~5. 

Without giving detailed proofs here, it can be shown 
mathematically that, for large 7, 

jJ.,' ~ In7 + E(z) 
1,7 7 

var(z) 
and jJ.,2,7 ~ --2 - . 

7 

[31] 

[32] 

Formulae [31] and [32] may be verified by using 7 = 10 
and 7 = 100 to check on the corresponding exact values 
for jJ.,{,7 and f1-2,7 in Table 1. It will be remembered that 
E(z) = 1 and var(z) = 1 for our Example 3. 

Finally, the following limiting values were obtained for 
very large 7' s, i. e. 

lim f1-{,7 00, [33] 

0, [34] 

lim "'/(31,7 = .../(3I(Z), [35] 
T-CO 

[36] 

lim 8
7 

= E(z) , [37] 

The information contained in [33] and [34] had already 
been inferred from Table 1. Rather unexpected are the 
results in [35] and [36]. It means that for very large 7 the 
shape coefficients of the transformed variable x are the 
same as those for the originally observed and untrans-
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formed variable z. 
The latter statement can be checked by entering Table 1 

for 7 = 100. We find that the exact "'/(31,7 and (32,7 were 
respectively 1,94 and 8,56 which are already quite near 
to .../(3I(Z) = 2 and (32(Z) = 9 for a negative exponential 
p(z) distribution. 

Equation [37] tells us that the lognormal mean tends 
to the mean of the non-Iognormal observed and untrans
formed random variable z, provided we make 7 very large. 
This we might have predicted from the previous finding 
that the 0J0 bias tends to zero for very large 7' s. 

Example 4 
A distribution which very much looks like the lognormal 
is the generalized Weibull distribution 

p( ) - b
a 

[(a/m)-I] e-
bzJlm for O:>::z<oo, [38] 

z - mr(a) Z ,-

with its three parameters 

a > 0, b > 0, m > 0 and a/m > 1. 

Its mean is 

E(z) = r(a+ m) . 
blllr(a) 

[39] 

It is a unimodal distribution with high skewness and a 
long-drawn-out upper tail. 

After the transformation x = In(z+ 7) one obtains 

f(x [7) = ~(eX_7)[(a/IIl)-I] e<-b(e'-7)1/m [40] 
mr(a) 

for In7 ~ x < 00. 

For 7 = 0, [40] becomes a double exponential distribu
tion. As for Example 3, means, variances, shape coeffi
cients and 0J0 bias were calculated from numerical integra-
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TABLE 2. Bias arising from using lognormal mean if parent 
distribution is the generalized Weibull with a = 5, 
b = 1, In = 4 andE(z) = 1680. 

7 1l(.7 1l2.7 .)(31,7 (32,7 070 bias 

0 6,024 3,541 -0,469 3,437 44,56 
5 6,091 3,086 -0,156 2,622 22,73 

10 6,135 2,865 -0,040 2,496 14,53 
15 6,172 2,704 0,041 2,443 9,29 
30 6,259 2,376 0,201 2,414 0,25 

100 6,514 1,684 0,556 2,667 -12,78 
200 6,740 1,265 0,812 3,095 -17,15 
500 7,148 0,766 1,224 4,199 -18,66 

1000 7,545 0,471 1,606 5,687 -17,00 
2000 8,015 0,262 2,068 8,105 -13,71 
5000 8,734 0,102 2,840 13,769 - 8,53 

10000 9,336 0,044 3,578 21,278 5,12 
25000 10,184 0,012 4,788 38,713 - 2,11 
50000 10,850 0,004 5,864 60,622 - 0,92 

tions on the computer. The parameters given were a = 

5, b = 1 and m = 4. From [39] we found the population 
mean for the untransformed random variable z, i.e. E(z) 
= 1680. 

The results shown in Table 2 are in line with the pre
viously found conclusions. However, a very notable 
feature of this Example 4 is the persistently high negative 
070 bias for large 7'S. For 7 = 500 the bias is nearly - 19% 
and for 7 = 2000 it is still nearly - 14%. 

Pohl4 has shown that the above theoretical findings 
are very much in line with real or simulated data sets as 
reported in the literature on mine valuation. He also found 
that, where small sample sizes were used by other investi
gators, the reported biases were not as severe as those 
given for larger samples. As the theoretical developments 
given in this study are based on populations (akin to very 
large sample sizes), we may look at these theoretical results 
as an upper bound for samples of any size. 

Future research may indicate precisely what influence 
the finite sample size n has on the % bias. However, there 
should be no doubt that the technique of adding a vary
ing parameter 7 to the actual observations and making 
use of lognormal theory, should lead to similar conclu
sions for finite sample sizes n as were revealed in this 
theoretical study which was based on population statistics. 

Estimation of T 

For a practically inclined engineer the question now arises 
what parameter 7 should be used for adding to individual 
observed ore values, particularly if only a small number 
of independent borehole intersections are available. In 
such cases neither histograms can be constructed nor can 
a meaningful cumulative percentage frequency distribu
tion be drawn on log-probability paper. 

In the light of the theory developed in this study one 
may be tempted to use a very large 7 which will minimize, 
if not eliminate, the bias incurred by using the t-estimator 
when in fact the underlying p(z) distribution is not log
normal. This choice of 7, however, is completely un
acceptable as the logarithmic variance will become very 
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small, thus leading to unrealistic short confidence inter
vals for the unknown population mean which is to be 
estimated. In addition, one may see from Tables 1 and 
2 that for very large 7'S both shape coefficients become 
very large and hence indicate a radical departure from 
normality for f(x I 7) which, after all, is the cornerstone 
of the t-estimation method. 

One, naturally, should then go for the first zero bias 
crossing as seen distinctly in Figure 1 which is typical for 
all other bias curves. Examination of Tables 1 and 2, and 
of many others by PohV indicate that near the zero bias 
crossing the skewness coefficient .J f31,T is relatively small, 
with either a positive or a negative sign. Furthermore, 
the associated kurtosis coefficient f32,T is near its 
minimum and is below its normality point of f32 ,T = 3. 
As previously mentioned, a; and .J(31,T are much more 
important to unbiased estimation than (32 T' 

We, therefore, are led to 'symmetrize' o'ur small data 
set. This can be achieved by plotting Xi = In(xi + 7), 

where i = 1,2,3 ... n for several different 7'S, on a line 
graph. The configuration which looks most symmetric 
will yield an estimate for 7. We then proceed to estimate 
a; which will always look reasonable. From there we 
proceed with the full t-method and its associated con
fidence interval estimation. 

It should be borne in mind that the choice of a reason
able 7 does not need to be very accurate. As we add a 
parameter 7 to the observed individual z/ s and as after
wards we subtract the same 7 in Equation [12], we deal 
with a certain amount of 'self-correction.' 

For those who do not like the pragmatic graphical 
estimation method for 7, there exists a strictly 
mathematical technique of symmetrization, developed by 
Wilson.s Wilson has computerized his method and has 
obtained excellent statistical results in a large-scale simula
tion study which he describes in his research report. 
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