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The history of development of analytical techniques for the determination of elastic behaviour around tabular
excavations, is examined briefly. The design of a completely digital system, which appears to afford considerable
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1.0 INTRODUCTION

Until very recently the design of mine layout and stoping
systems in South African gold mines has been based
entirely on the judgement of experienced mining engin-
eers-usually men who had risen through the levels of
supervision to management rank and above. The criteria
used were largely those of designing the most efficient
production system. This design was modified by the past
experience of the designer in estimating what the rock
strength would permit and further tempered by the
requirements of low cost development processes and the

stated requirements of the mechanical engineers who
would be required to install and maintain any necessary
machinery.

As one result of a series of investigations launched
initially by Rand Mines Ltd., in 1949 and subsequently
continued under the auspices of the mining industry as a
whole, it was shown by inter alia, Denkhaus, Leeman,
Cook, Ortlepp and Ryderl, that the rocks of the Wit-
watersrand System could be considered as a brittle,
elastic continuum. As such, their behaviour under load
could be adequately determined by calculations based on
elastic theory.

In 1963 Salamon2 showed that the induced stress and
displacements at any point in the three-dimensional mass
could be calculated if the elastic convergence in the
stoping excavations was known.

Although this convergence distribution follows the
laws of elastic deformation, no strict mathematical
solution is possible because of the complexity of the
excavation outlines. Furthermore, the digital computers
available in this country at the time could not provide an
economic solution. Consequently in 1964, a physical
model or analogue was devised (Salamon, et a13)which
enabled the convergence in the excavated area to be
measured directly in terms of a voltage distribution
within a suitably shaped electrode in an electrolytic tank.

In 1965 Cook4 designed an electrical resistance ana-
logue based on the same physical principles, which used
a 'peg-board' surface connected to a three-dimensional
grid of wire resistances instead of the electrode and con-
tinuous representation of the excavation outlines, pro-
vided greater consistency of convergence values and also
permitted direct measurement of normal stresses in the
intact reef plane. Reasonable accuracy was limited to
situations where the reef inclination was small since it
was unable to reproduce the stress gradient associated
with extensive mining of steeply-dipping reef.

In both the electrolytic tank analogue and the electrical
resistance analogue the calculation of off-reef stresses and
displacements required a separate integration process.
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This was initially performed by a graphical method which,
although neat in principle, was very time consuming and
somewhat subjective. A subsequent digital computer
programme was much quicker and more accurate but
required a separate stage of data preparation to transfer
the convergence values from analogue to computer.

When the University of the Witwatersrand acquired a
computer with a larger storage capacity and a faster data
processing unit than was up to then available in this
country, it became practicable to design a system which
would directly calculate the convergence distributions,
perform the integration process and provide certain other
facilities all in one combined programme.

This paper sets out to describe how the digital com-
puter can deal with the problems of determining, at any
point, the displacements and stresses induced by stoping
operations and gives some indication of how and why the
mechanics of the operation carried out in this way are
thought to be superior to those carried out on the
analogue computers.

In section 2 we have attempted to describe the internal
functioning of the computer system in general terms.
However, the other parts of the paper may be read
without reference to this section. The interested reader is
referred to Appendix I for a more detailed discussion of
the basic method of solution. A formal treatment of the
whole system, which would probably be of interest to
computer specialists only, will be submitted to an appro-
priate journal as a separate paper.

It may well be asked why the analogue or digital cal-
culations of stress have any place in the field of mine
design, since we have managed without such an aid for
a very considerable time. The answer is, of course, a
simple one. Where we have previously had to guess, and
we frequently guessed very badly, a tool is now available
to determine, in terms of the fundamental physical
quantities of displacement, stress and energy release rate,
what will happen at any point in the mine as a result of a
particular piece of stoping. In short we can determine
with a fair degree of accuracy, the change in field stress
at any point in the mine, at any time in the past, present
or future.

By applying additional means of analysis such as the
photo-elastic conducting paper analogues, or a finite
element programme, the detailed stress distribution
around any ancilliary excavations such as shafts, cham-
bers and tunnels can be determined.

This knowledge is the first requirement for predicting
the stability of, or designing the support for, these
excavations. Their locations and shapes can be designed
to avoid damage due to subsequent stoping operations.
Alternatively, a sequence of stoping operations can be
sought, by repeated trials on the computer, which will
cause least damage to existing ancilliary excavations and
will result in the lowest energy release rates in stoping
where the danger of rock-bursts exists.

As we hope to show, these determinations are neither
expensive nor time consuming when viewed against the
material and human costs of errors in design.

2.0 SYSTEM DESIGN CONSIDERATIONS

2.1 Background and general characteristics

The computer system described in this paper is based
on the same theoretical background (Salamon, 19642)
that led to the development of the well known electro-
lytic tank analogue (Salamon et al 19643). In fact, the
initial feasibility investigations amounted to a digital
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simulation of the relevant properties of the electrolytic
tank rather than a solution of a mining problem.

The primary objective of the system has been to avoid
the cumbersome transfer of convergence data from tank
to computer for the calculation of off-reef plane quantities
after every change in the mining configuration. This dis-
advantage is shared equally by the tank and its more
recent version, the resistance analogue. Secondly, by
employing the present generation of general purpose
digital computers, a cost advantage over any special
purpose device seemed assured. This has been borne out
by experience so far.

In order to facilitate man/machine communication, it
was thought essential to implement a remote terminal
system allowing immediate interrogation of any aspect
of the model under study. This 'on-line' operation
enables the experimenter to make 'on the spot' decisions
and influence further machine action accordingly. To
ease interpretation of results, graphic displays of the
mining outline, extent of total closure, etc., have been
included. In its 'on line' mode then, the system offers the
same facilities as the customary analogue extended to
off-reef plane quantities.

To accelerate starting up a new configuration or intro-
ducing major mining changes, a mine plan may be pre-
pared 'off line' on cards and then requested from the
terminal. This is referred to as 'mixed mode' operation.

Alternatively, if no on-line communication with the
machine is desired, the whole problem including opera-
tion and output controls, may be entered from cards and
run in 'hands off' mode.

A storage feature has been incorporated to enable the
experimenter to store any configuration for future use.
At the push of a button it can be retrieved into the
machine for further processing or interrogation.

The scaling phase allows one to model detailed small
scale mining activities while still taking into account the
effect of the complete environment.

At present, the system can cope with moderately in-
clined, deep tabular excavations. This corresponds to the
full versatility of the electrolytic tank with a curved
bottom electrode. The approach can be extended, how-
ever, to the treatment of steeply inclined reefs at shallow
depths. Handling of compressible seams is also possible.
As a matter of interest, it should be noted that with the
present storage requirements up to three 60 x 60 con-
figurations can be handled simultaneously on the mach-
ine at the University of the Witwatersrand.

2.2 System organisation

The general organisation of the system is shown on
Fig. 1. The EXECUTIVE PHASE forms the primary
interface with the user and hands control to the various
functional phases on request. After completion of any
one of the latter, control is returned to the executive.
While the user can arbitrarily choose any functional
sequence, the executive will prevent any invalid requests.
For example, when starting up the system, all except a
CREATE or RETRIEVE request are invalid.

The TANK GENERATOR is called up following a
CREATE request. It builds up the skeleton data structure
that will eventually contain the mine information, in
the memory of the machine. These data areas will be
referred to as the 'tank' in future.

The CONFIGURATION GENERATOR enters the
initial mine configuration, which it reads from cards or
accepts from the terminal, into the tank.
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Fig. 1-0rganisation diagram of computer system.

The CONFIGURATION UPDATE PHASE enables
the user to change the existing mining lay-out.

The SOLUTION PHASE forms the core of the system.
It produces the convergence distribution in the mined-out
areas and, together with the data in memory, may be
considered the direct equivalent of the electrolytic tank.
This phase may run in Create, Update or Scale mode
depending upon which of these functions was performed
last. The executive phase ensures the correct mode
setting on entry. The method of solution will be discussed
in some detail in section 2.3.

The SCALING PHASE allows the user to pick out a
square window corresponding to half the tank and
scale it up to full tank size. In doing so he loses direct
access to the environment. However, the effect of this
environment on the convergence distribution and the
reef plane stresses inside the scaled-up window is re-
tained. Successive scaling operations are possible.

Normally, a scale-up would first be followed by an
update request to refine the mining outline and then by a
solution run to adjust the convergence distribution.
Automatic updating from cards, representing the mining
outline on the finer scale, is possible. Functional details
of the scaling phase are given in section 2.4.

The GRAPHIC DISPLAY PHASE gives a map of the
configuration including an indication of the zone of
total closure.

The ON REEF OUTPUT PHASE allows the user to
request, from the terminal, convergence and stress values
at selected points on the reef plane. Alternatively, he can
have the complete reef plane output on the printer.

The ENERGY RELEASE PHASE produces an
estimate of the energy release resulting from a mining
change.

The OFF REEF INTEGRATOR produces stresses
and displacements at any point in the surrounding
medium (ref. section 2.3).

Finally, the STORE/RETRIEVE PHASE handles the
permanent storage of a tank on magnetic disc or tape.
A configuration may be recalled for further processing
by simply furnishing the name under which it was
stored, to the system.

2.3 Method of solution

As mentioned in section 2.1, the computer system
described is applicable to tabular excavations. Under
these conditions, and if the surrounding medium can be
assumed linearly elastic, knowledge of the convergence
and ride distributions on the reef plane is sufficient to
compute stresses and displacements anywhere in space.
As a consequence it becomes possible to view the
problem in two parts.

(i) Determination of the convergence and ride distri-
butions.

(ii) Computation of off-reef quantities in terms of the
convergence and ride distributions.

Part (ii) simply amounts to a number of kernel inte-
grations over the convergence and ride distributions on
the reef plane. The off-reef plane integrator referred to
in 2.2, perfonns this function. It assumes that the
medium is isotropic and the reef is deep.
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Eighteen such kernel integrations, 9 concerned with
normal closure and 9 with the ride distribution, are neces-
sary to yield the complete description of induced stresses
and displacements at a point in space. The displacement
kernels are given in reference 2. The required strain
kernels were obtained by appropriate differentiations of
the former. No details need be given here. The interested
reader is referred to the above reference.

The kernel integrations are numerically handled by
superimposing a square mesh on the reef plane, averaging
the distributions over each square and multiplying the
resulting values by their appropriate kernels. The latter
depend on the distance from a square to the point at
which stresses and displacements are to be computed.
The product terms are then summed over all squares.
This simple integration procedure has been found
adequate for all practical purposes.

Solution of the first part of the problem is much more
difficult. It has been shown in reference 3 that if one
imposes the same restrictions as were applied to the
integrator, the normal closure and ride distributions
become proportional to a single function on the reef
plane, provided Poisson's ratio is small.

This 'potential' function arises as a solution of La
Place's differential equation in an infinite half-space
whose bounding plane is geometrically equivalent to the
reef plane. To deal with a South African gold mining
situation, i.e. the reef thickness and properties are
irrelevant to the deformation of the medium, the follow-
ing boundary conditions must be met on the reef plane.

(a) The potential in the intact areas is zero.
(b) The normal derivative of the potential on the reef

plane in the open mined areas, is proportional to
the normal virgin stresses caused by the weight of
the overlying strata. The derivative of a potential
is usually referred to as the field.

(c) The potential over the closed mined areas is con-
stant and proportional to the stoping width. This
condition involves a complication in that the
extent of the zone of 'total closure' is not known
a priori.

A little reflection on the problem indicated that it can
be solved on a digital computer-at least in principle-
by employing the classical Green functions for a half-
space. In this way the basically three-dimensional prob-
lem would be reduced to a two-dimensional one. As will
be appreciated later, this simplification is absolutely
essential if one wants to achieve realistic running times
on the computer.

In essence, a Green function is a potential distribution
that, while satisfying La Place's equation automatically,
allows one to specify an arbitrary potential over an
infinitesimal region of the boundary without having any
influence on the potential over the rest of the boundary.
This function, referred to as the V- function below,
exists for an infinite half-space. A similar function, to be
called the E- function, has the same properties with
regard to the normal field on the reef-plane.

Imagine now a square mesh on the reef-plane, which is
sufficiently fine so that the individual squares approxi-
mate to the infinitesimal regions referred to above. One
can then associate a Green function with each square in
such a manner that the overall boundary conditions are
met. This can be achieved in a number of ways. A
feasibility study showed that the general approach is
practicable. Only the particular method which was
chosen on the basis of good accuracy and potentially low
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running time, especially in respect of mining changes, is
described here.

Suppose one satisfies the boundary conditions of
type (b) above, by associating an E- function with every
square in the open mined areas. The superposition of
these results in zero fields, but finite potentials, on the
reef plane in the intact and totally closed areas. Hence, in
order to satisfy the boundary conditions of type (a) and
(c), a compensating set of V- functions must be imposed
on the intact and closed areas so as to adjust their
potentials back to zero, and the stoping width, respec-
tively.

While the V- functions have no effect on the potentials
in the open mined areas, they do affect the initially
imposed fields. Therefore it becomes necessary to adjust
the initial E- functions to get back to the correct field
boundary conditions. This measure in turn necessitates
further corrections in the intact and closed areas and so
on.

The procedure constitutes a natural iterative method.
If it converges, i.e. successive corrections decrease in
magnitude, the accuracy of the final solution is very
good.

Convergence of the basic method is very slow, however.
In fact, for large problems it will normally diverge. This
difficulty has been overcome, qualitatively speaking, by
partial instead of complete compensation at every step.
With this refinement, a problem taking of the order of
100 iterations under the basic method, converges in 5
iterations. The number of iterations for a practical
problem varies from 5 to 25 depending on the size and,
what has been found more serious, the complexity of the
mining outline as well as the extent of total closure.

As mentioned before, total closure introduces addi-
tional complications, and hence more iterations, because
the zone must be adjusted until the total normal field
passes through zero on its boundary. In technical terms,
the problem is no longer linear.

Once convergence is obtained, the solution is given in
terms of E- functions in the mined areas and V- functions
in the intact areas. To get the desired potentials in the
mined areas, it is only necessary to evaluate the super-
imposed effect of all E- functions at every point in the
mined areas. In a similar manner, the V- function in the
intact areas yield the normal field, i.e. the normal reef
plane stresses. The interested reader is referred to
Appendix I for the quantitative development of the
method.

Neglecting the complications introduced by the total
closure zone adjustments, the determination of closure
in an n X n tank is really equivalent to the solution of n2
linear equations. With n = 64, the usual size, this
amounts to approximately 4,100 equations. Assuming
that a problem converges in typically 10 iterations and
employing normal matrix manipulation methods, it
would be completed in just under 6 hours on the univer-
sity machine and require about 128 million memory
positions.

In fact, the system as implemented at present, would
solve the problem in less than 15 minutes with a memory
requirement of about 300 thousand positions. These
reductions have been possible by employing a number of
programming 'tricks', which in some instances trade
accuracy for running time.

To show that the final accuracy is satisfactory for
practical purposes, the theoretical convergence and stress
distributions across the central portion of long mined



slits of different widths and their abutments are plotted
on Fig. 2, together with their computed equivalents.
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Fig. 2-Comparison of computed and theoretical distribu-
tions of stress and convergence associated with long,

parallel-sided slits

The above example indicates to what. extent special
programming techniques had to be developed to achieve
realistic running times. The times refer to a 'create' mode
solution. In 'update' mode, the modification of an
existing solution to account for relatively small mining
changes, may vary from seconds to a few minutes.

It may be mentioned here that a slight extension of
the present set-up is expected to give further significant
reductions. These programming techniques are expected
to find more general application and will be discussed in
another paper. No details are given here.

2.4 Method of scaling

The concept underlying the scaling phase is very simple
indeed. Suppose a solution has been found for some con-
figuration and it is intended to implement relatively
small mining changes in its central portion. Imagine this
central portion enclosed by a window corresponding to
half the tank size, say. If the intended changes in the
window are small and remote from its boundaries their
effect on the area surrounding the window is insignificant.
Hence the E- and V- functions representing the solution
in the environment, will remain unchanged and, in turn,
their effect on the interior of the window will remain
constant.

In other words, this effect may be accounted for by
means of a change in the boundary conditions inside the
window. Once the modified boundary conditions have
been evaluated for every square, the environment may
be dropped and the window scaled up to full tank size.
Since one original square is expanded into four squares of
the new tank, error build-up has been minimised by
smoothing the modified boundary conditions. The
solution must subsequently be 'tightened up' to achieve
full accuracy on the finer scale.

3.0 THE UNDERGROUNDPROBLEM

No. 2 Shaft, Harmony G.M. Co. Ltd., is a 26 ft dia-
meter, monolithically lined circular shaft which was
completed to its final depth of 5,510 ft in April 1958.
The Basal Reef, dipping at about 5 degrees to the West,
was intersected at 5,060 ft below surface. The main
pumping installation and associated conical settlers and
sumps were developed between 190 and 240 ft below the

20

reef plane, well within the 800 ft radius of the shaft
pillar. The main current stoping areas to the West and
North-West are served by twin haulages on 25 Level,
200 ft below the reef, and a belt tunnel 50 to 110 ft below
the haulages.

During 1967, extensive installation of steel work and
'col grout' concreting was undertaken to contain serious
fracturing of sidewalls of settlers, sumps and distribution
tunnels.

In September, 1968, several seismic events, centred
around a peninsular remnant 2,000 ft to the South of the
shaft, marked the onset of a rapid progression of serious
damage in most of the major excavations in the pillar
area.

It was possible to re-organise the mine pumping to the
extent that all pumping from the No. 2 Shaft system could
be stopped and the settlers and sumps abandoned. It was
vital, however, to reduce to a minimum the chances of
further damage to the shaft, the main ore-handling
facilities and haulages. To this end all stoping in the
proximity of the pillar and the mining of certain isolated
blocks of ground at even greater distances, was dis-
continued.

While many such decisions had to be made immedi-
ately, it was obvious that these did not represent final
solutions to the major problems. Because of the serious
consequences of the loss in production, answers were
urgently required to the following main questions:

3.11 Had sufficient stoping been stopped to ensure no
further significant increase in the stresses in the
pillar?

3.12 Could 'barrier' areas be left which would shield the
pillar from appreciable stress increase while per-
mitting unrestricted mining beyond the 'barriers'
during the remaining life of the mine?

3.13 Was it possible to preserve the vital excavations
within the pillar area by limited overstoping in the
pillar itself?

3.14 If it proved necessary to abandon all excavations
in the pillar, including the lower portion of the shaft,
at what elevation should the transfer system to a
new sub-vertical be established?

3.2 Appreciation of the problem

It has been demonstrated that the displacement
behaviour, and therefore the stress distribution, in Wit-
watersrand quartzites are elastic phenomena. This proof
was partly based on measurements made in the No. 2
Shaft area-Ortlepp and Nicoll5.

Any departure from pure elastic behaviour, such as
creep for instance, would be most evident in areas of
greatest stress difference namely at the pillar edge.
Examination of an area stoped some years previously
along the pillar edge, revealed a complete absence of face
damage or appreciable sag. A 6 in. layer of khaki shale
exposed in the face, showed no signs of deterioration and
sockets remained open. Thus it appeared that the rock
in the pillar and below, behaved elastically even in detail.

The progression of damage in the pillar area during
September 1968 was rapid, occurring over a period of a
few days, but not instantaneous as should be the case
in an ideally elastic situation. This departure from ideal
behaviour may be the result of a process in which very
small increases in stress, resulting from distant mining,
may be sufficient to continue the fracture process once
the general stress level has caused the onset of failure.
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Even though it is possible that the mechanism of frac-
turing may involve time-dependency to a small degree,
the use of elastic theory in determining stress distributions
is completely valid.

3.3 Choice of analytical technique

It was evident that a knowledge of the theoretical stress
distributions associated with each of various possible
alternatives, was a necessary preliminary to any future
planning of the pillar area. Because the problem was an
elastic one, it was possible to perform the necessary
analyses with anyone of three analytical techniques
available-the electrolytic analogue, the electrical resis-
tance analogue or the recently developed digital computer
method.

3.31 Sensitivity and repeatability: The electrolytic ana-
logue yields only displacement data, that is convergence
values, within the plane of the excavation and subject to
a variability of a few per cent. The resistance analogue
provides convergence values within the excavated area
and normal stresses in the unmined reef plane, both with
considerably greater consistency and convenience than
the electrolytic version.

The digital technique provides both convergence and
stress data throughout the reef plane and has immediate
access to an integration process for computing off-reef
stresses and displacements from the basic convergence
data. Moreover digital techniques are inherently reliable
in the sense of providing perfect repeatability.

The first two aspects of the Harmony problem, the
effect of stoping at remote points (3.11) and the provision
of barrier areas (3.12), could be examined in terms of
stress changes in the pillar on the reef-plane itself. It was
evident, however, that these stress increases might be so
small as to be obscured by any minor electrical in-
stability in the resistance analogue, which in other
respects would be quite adequate.

The other two aspects of the problem, involving pro-
tective over-stoping in the pillar itself (3.13) or the siting
of a sub-vertical shaft (3.14), required the calculation of
stresses and displacements at many points varying from
about 100 ft to about 2,000 ft from the reef plane. To do
this from the basic elastic convergence distribution
yielded by the analogues, requires a separate integration
process which inevitably causes a considerable delay in
obtaining the final results. Moreover it is not possible
to immediately assess the consequences of any changes
that are made in the mining configuration.

Because of its ability to provide, within a few seconds,
the stress or displacement changes at any point with a
very high degree of repeatability, the digital system was
the obvious choice for analyses of the Harmony-type
problem.

3.32 Scale: It is characteristic of the integration pro-
cess that its results are unreliable for points which are
closer than about one mesh or grid unit from the excava-
tion. Since it was desirable to obtain reliable estimates of
stress at points in the pillar within 100 ft of the reef plane,
it was necessary to select a scale of 1 unit equal to 100 ft.

This limitation would restrict the total 60 x 60 mesh
grid of either analogue to an area of 6,000 ft by 6,000 ft
which would not embrace all of the stope excavations
contributing materially to the closure distribution in the
area of interest, namely the vicinity of the shaft pillar.

The digital method, on the other hand, possesses the
great advantage of a scaling facility which effectively
changes the fineness of the mesh and thereby increases the
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resolution of the technique. Thus it is merely necessary
to select a sufficiently small scale intially to include all
significant mining within the 60 x 60 mesh computer
'window'. Accuracy of detail is subsequently ensured by
repeated scaling-up, each time increasing the fineness of
the mesh by a factor of two, with the computer itself
establishing boundary values for each new 'window'.

4.0 PREPARATION AND SUBMISSION
OF BASIC DATA

4.1 Assumptions

Any theoretical analysis necessarily requires certain
initial assumptions and simplifications. The most
important of these are:

4.11 The original state of stress prior to mining must be
specified. For the Harmony problem the usual
assumption was made that the major principle stress
is vertical and equal to the superincumbent load
while the horizontal stresses are uniform and equal
to O' 3 times the major stress.

4.12 The response of the elastic mass is characterized by
its Young's modulus and Poisson's ratio. Based on
laboratory tests of small specimens, values of E =
107 Ibfin.2 and 'J = O' 3 were accepted for the
Harmony situation.

4.13 The plane of the excavation is uniformly inclined,
not disrupted by faults and dykes and has a uniform
stoping width.

4.2 Representation of the mined area

Only the central 56 X 56 area of the 64 X 64 computer
window is available for registering changes in the mining
outlines. The mine plan is overlaid with a 56 X 56 square
mesh, ruled to the appropriate scale, and the shapes and
relationships of stoped and intact areas described by
specifying whether each mesh of the grid is mostly
mined or mostly intact.

This 'blocking-out' of the excavation is usually pre-
punched on cards which can be rapidly read into the
computer which 'verifies' the information received by
means of a pictorial print-out.

Together with the elastic constants, the specified
original stress, the reef dip and the average stoping width,
this description of the stoping configuration provides all
the necessary data for calculation of the basic solution
in terms of the complete convergence distribution.

When the problem is scaled-up it is necessary to refine
the outline since four mesh squares are now available to
describe an area previously specified by one mesh. This
'up-dating' is read into the computer by specifying the
grid co-ordinates of each mesh square affected, together
with an 'rn' or 'i' to indicate whether it has been mined
or replaced. Updating can be carried out by prepared
card input or by direct point-by-point entry from a type-
writer terminal.

4.3 Location of points

The co-ordinates of the top left-hand corner (the
centre of the 1,1 mesh) of the inclined plane which best
approximates the actual reef plane in the area of interest
and which is contained within the initial 'coarse' window,
is specified in terms of the x, y, z values of the mine co-
ordinate system. The sides of the window must be as
near as possible parallel to the dip and strike of the
reef plane.



Together with angle of dip, these co-ordinates provide
orientation and location of the computer grid, with
respect to the mine workings, throughout any subsequent
operations.

Once the basic convergence data has been computed,
the integrated effect, in terms of detailed stresses and
displacements at any point in space, may be obtained
within seconds by merely submitting the x, y, z co-
ordinates of the point concerned. Facilities are provided
for storing the basic solutions on magnetic tape to form
the basis of any further analyses months or even years
later.

5.0 PROCEDURE AND RESULTS

With one mesh unit made equal to 300 ft, the coarse
grid window was located with the shaft pillar at its
approximate centre. The entire June 1968 stoping con-
figuration within 8,000 ft of the pillar was thus embraced
by the window. Consequently all excavations contri-
buting significantly to the stress in the pillar were in-
cluded but, initially, the limiting effect of finite stoping-
width was not recognised-Fig. 3.
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Fig. 3-Verification diagram of June 1968 Harmony con.
figuration, to scale of 1 unit equal to 300 ft. No closure

Subsequent to this preliminary analysis, the pro-
gramme was further developed to provide for the effect
of complete closure shown by small plus signs (+)
-Fig. 4.

When the mesh unit was scaled up to 150 ft the shaft
pillar was sufficiently large and well defined to enable
the x, y, co-ordinates of several strategic points along
its N-S and E-W axis to be identified-Fig. 5. The total
vertical stresses were computed at several elevations for
each of these points, 135 in all, in order to establish the
general stress distribution at the time damage became
pronounced, This distribution is illustrated in the form
of stress profiles at certain of these elvations, in Fig. 6,
A typical print-out of the complete stress and displace-
ment data at a point is shown in Fig. 7,
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Fig. 4-Verification diagram of June 1968 Harmony con-
figuration, to scale of 1 unit equal to 300 ft, showing closure

at 5 ft
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Fig. 5-Verification diagram of June 1968 configuration to
scale of 1 unit equal to 150 ft

5.1 The effect of remote mining (3.11)

The changes in stresses at points within the pillar was
determined by successively mining and replacing indivi-
dual blocks of ground, of 150 ft by 150 ft size, in those
areas of the mine where stoping had been stopped. In
this way it was possible to determine the rank order of
their importance in causing further increases in pillar
stress. The fact that the minute stress changes, of the
order of 0.1 per cent, were always positive and correctly
reflected any difference in distance between the points
integra!ed and the block mined, was remarkable and
reassurIng,

JOURNAL OF THE SOUTH AFRICAN INSTITUTE OF MINING AND METALLURGY SEPTEMBER 1969 39



~

u

: "

10

"<g

3060

"60

. 40
0
"~.

,,6
"10 20 ~

>-

>

IN.lE!!5~G!,ON -
~

4500

~
4'60'..5

RE"--- - ----
5260' "5. 0

..~

~
8
N

-5HAn PILLAR-

ORD5
4'910 "410 46410

,
E E T

Fig. 6---Profiles of total vertical stress along E-W section
through shaft pillar

5.2 Barrier areas (3.12)

In a similar manner the size and location of 'barriers'
could be defined such that mining of relatively large
blocks beyond the barrier produced negligible stress
increases in the pillar.
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5.3 Protection by overstoping (3.13)

Examination of the stress changes on the vital haulages
which would result from limited over-stoping in the
pillar, required a further stage of scaling and up-dating.
This yielded a pillar in which strips 75 ft wide were
removed to produce the overstoping sequence shown in
Fig. 8. Since in practice, it would take some time to
stope out this amount of ground, the surrounding stoping
areas within the coarse window should, for strict accu-
racy, have been appropriately up-dated.

The stress change along a North-South section on 25
Level elevation, shown graphically in Fig. 9, nevertheless
correctly reflect the relative effects of overstoping.

At the same time, without adding appreciably to pro-
cessing or terminal time, displacements as well as stresses
were computed for points along the shaft axis. These
showed, reassuringly, that the horizontal components of

40

differential movements along the shaft axis were negli-
gibly small while the vertical components were, at most
a few inches. '

The disclosure that there was no evidence of increasing
vertical stress prior to stress reduction, at any point
along the shaft axis above or below the reef plane, was a
somewhat unexpected finding of considerable practical
significance. The load removed from the haul ages as a
result of overstoping, was thus entirely transferred
beyond the advancing faces to the remaining segments of
the pillar where it caused a widespread and relatively
small increase in vertical stress.

5.4 Location of sub-shaft transfer (3.14)

The rapid decrease in stress with increasing height
above the pillar is indicated by the profiles in Fig. 6.
If sub-shaft transfers were to be established it would be
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necessary to show that these low stress levels would per-
sist during the remainder of the life of the mine. Thus it
became necessary to predict the long term future values
of the stress distribution through the shaft pillar and
above, to elevations where the subshaft transfer levels
and airways might conceivably be established.

A preliminary examination showed that even the five-
year forecast involved such extensive up-dating that it
was considered more economical to re-submit the future
outlines by punched cards and re-calculate the basic
solutions in their entirety, than to up-date by individual
entry at the typewriter terminal.

6.0 APPRAISAL

The examples which have been slected to demonstrate
the sorts of results which can be produced by the com-
puter programme, have been chosen so as to illustrate
also the range of activities which can currently be
handled. They are also intended to demonstrate that this
programme is a design tool for the mining engineer.

Field stress at any point can be computed for any stage
of the stoping operation, and this has two important
consequences.

Firstly, stress information at key points in the mine can
be computed for any number of alternative systems or
sequences of mining and these can then be put in a
ranked order, so that the system which is likely to induce
the lowest stresses can be selected.

Secondly, if key points in the mine have suffered
damage at an earlier stage then the stoping sequence of
that time can be simulated and the stress level which
caused the damage can be ascertained. This value would,
of course, not necessarily be absolute as the parameters
chosen by that mine are not necessarily correct in the
absolute sense, but it would put a number to the com-
puted stress level which, on that mine, can be regarded
as the danger limit. Using this value other points in the
mine can be examined, for any future stoping stage, and
the vulnerable points detected well ahead of time so that
the necessary measures can be taken to reinforce or
replace these excavations on a planned basis.

Indeed, the designer can possibly go beyond this point,
in the sense that, with our growing knowledge of the
effects of shape, and proximity of other excavations on
the maximum stress which can be tolerated by a complex
of underground excavations, he may be able to alter the
'layout' of future ancilliary workings so that they will
never be exposed to stress levels high enough to cause
damage.

An obvious example of such a process of design would
be to vary the vertical distance from the reef of pump
chamber and sump excavations, say, and determine the
variation in size of pillar necessary to provide the same
degree of protection for the various depths. The optimum
pillar size could then be determined by comparing the
costs of increased pillar size with the costs involved in a
deeper shaft which would provide the same degree of
protection beneath a smaller pillar.

Some estimates of the cost of using this programme
can be given at this stage but, since the computing pro-
cedures are continuously being modified and improved
so as to reduce computer time and to increase user
flexibility, these must be regarded as subject to change.

A basic solution of the convergence distribution for a
given mining configuration takes from 20 to 45 minutes,
depending on its complexity. At present computer rates
this would therefore cost between R54 and R122,
irrespective of whether the data were fed to the computer
via a terminal or via punched cards.

A scale-up of a basic solution so as to increase the
detail in a selected portion of the mine would take a
similar period of time and the cost would therefore be
in the same range.

Interrogation of stress, convergence or energy release
rate in the plane of the reef, would take widely different
times depending on the amount of information required
and the system used for interrogation. Terminal input
is the most convenient if information is required for
only a few points, and particularly if the engineer wants
the facility of selecting his interrogation points in the
light of the results which he is getting. In this case, as the
interrogation procedure itself is slow, the cost is relatively
high, say RI per point.
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If interrogation points are pre-se1ected and can be fed
to the computer by punched cards the process is much
faster, with results produced by fast printer, so that the
cost will reduce to the order of RO.25 per point.

If stress and convergence only, are required for all
points on the reef plane, then the cost reduces to a
negligible sum per point, but the engineer will now have
some 3,000 results from which he must manually select
those of interest.

With regard to off-reef points, a considerable amount
of additional computation is required at an approximate
cost of R2.50 per point for terminal operation, and RI. 70
per point for card input. Terminal costs are of course,
largely dependent on the efficiency of the operator.

Mining updates, i.e. changes in configuration, can,
depending on the importance and extent of the changes
made, require a solution time of only a few minutes, or
as much time as a basic solution. For this reason these are
best charged on a time basis, and, in the same way as for
interrogation, suitable hourly rates have been set for
both card and terminal input.

If these costs are related to the sums which can be
saved on a mine by either avoiding damage to ancilliary
excavations, or at worst, by being warned of possible
damage timeously, so that production loss does not
follow from stress increase, then they can only be
regarded as trivial.
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APPENDIX

METHOD OF SOLUTION

Green functions for an infinite half-space

The expressions to follow are conveniently expressed
in terms of cylindrical co-ordinates. The r- e plane corre-
sponds to the reef plane. The relevant Green functions,
which have been referred to as E- and V- functions in
section 2, take the form:

V= )~.Ea.~A(E-functiOn) (1)
27t r2 + Z2

and

V =
27t (r/+ Z2)!'

Va. ~A (V-function) .(2)

Both these functions are harmonic. If a normal field
Ea (or potential Va) is applied to an infinitesimal area
~A located at the origin, expression 1 (or 2) gives the
resulting potential in the half-space z :?O. Note that both
functions exhibit singularities at the origin. The E-
function (or V- function) induces no normal field (or
potential) outside ~A on the reef plane.

The method to be developed is only concerned with
reef-plane quantities. Furthermore expression (2) will only
be used indirectly. The procedure requires the effect of

oV
Va on the normal field at the reef-plane, E = (- oz) z = 0
say. Hence the relevant expressions take the form

1
Vp = 2- . Ea . ~A7tr

. . . . . . . . . . . . . . . . . . . . . . . . (3)

1Ep = -
2-a . Va. ~A

7tr . .. .. . . . . . . .. ... .(4)

where r is the reef plane distance from ~A to point P.

Averaged version of Green functions

In practice the regions ~A are squares of small but
finite area. Instead of employing 3 and 4 directly, a
slightly enhanced accuracy was achieved by assuming
Ea and Va to represent average values over a square.
Normalizing all distances in terms of the sidelength of a
basic square, the modified Vp and Ep are obtained by
integrating (3) and (4) over a unit square whose centre
is located at the origin. Omitting manipulative details,
the results are:

Vp = {(xp + -!-)6n(yP + -!- + )(xp + -!-)2 + (yP + -!-)2) + (yp + -!-)6n(xp + t + )(xp + -!-)2+ (yP + -!-)2)

- (xp + -!-)6n(yP- t + )(xp + -!-)2+ (yP - -!-)2)- (yp - -!-)6n(xp+ -!- + )(xp + -!-)2 + (yP - -!-)2)

- (xp - -!-)6n(yp + -!- + )(xp - -!-)2+ (yp + -!-)2) - (yp + t)6n(xp - t + .J(xp- t)2 + (yP + -!-)2)

+ (xp - t)6n(yp - -!-+ )(xp - -!-)2 + (yP - t)2) + (yp - t)6n(xp-t + )(xp - t)2 + (yp - t)2)} ~; .. . .(5)
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Ep = {
.J(Xp + 1)2 + (yP + t)2

-
.J(Xp + t)2 + (yp - t)2

-
.,J(Xp - t)2 + (yp + t)2

+
.J(Xp - t)2 + (yP - t)2

)
Va

(Xp + -!-) (yp + -!-) (Xp + -D (yP - -!-) (xp - -!-) (yP + -!-) (xp - -!-) (yP - -!-) 27t

.. .. . .(6)
where (xp, Jp) are the Cartesian co-ordinates of point P.

The equations governing the system

Suppose that there are n open mined and m intact or
mined but closed squares. Let E b and Vb be the desired
boundary condition vectors on these squares respectively.
When starting up a solution in CREATE mode, all
components of Vb will be zero. Mined squares that close
up will be set effectively 'intact' with Vb components
corresponding to the closure limit. After a scale up,
E b and Vb carry the effect of the environment as well as
the initial boundary conditions. Let the final E- and V-
function distributions be decsribed by vectors E and V
in the mined and intact areas respectively.

NB. (1) If the scheme converges, it yields the solution
of 8.

(2) With ~n =Yn =y(constant)-asaresultofthe
2-cyclic nature of 8 the procedure reduces to
the Gauss-Seidel method with an overrelaxation

1
factor w =

1 + y

The convergence properties of the iterative scheme

Eliminating V from (9), one obtains,

1 (~n [l+yn] + Yn [1 + ~n]) I + K2Kl ~n Yn EEn+! = (1 + ~n) (1 + Yn)
(Eb - K2 Vb) + (1+ ~n) (1 + Yn)

En - (1 + ~n) (1 + Yn)
n-l

.. .. . .(10)

The effect of the fields E in the mined areas on the
potentials in the intact area may be expressed as

V=K1E (7a)
where Kl is an (m x n) matrix whose components are the
kernels given by expression 5, when evaluated on the
appropriate square to point distances. Similarly, the V to
E effect may be written as

E=K2V (7b)
where K2 is an n x m matrix derived from expression 6.

In order to satisfy the boundary conditions, one must
require:

Vb= V+~=V+KIE (a)

} (8)
Eb = E + E = E + K2V (b)

From 10, the convergence properties of the scheme
depend on the eigenvalues of the n x n matrix K2 Kl =
-K say. It follows from the form of 3 and 4 that K is
nonsymmetric. However, all its elements are positive. In
fact, the equations could be order d in such a manner
that all minors of all orders of are non-negative.
Hence all eigenvalues of K are real and non-negative.

It can be shown that an upper bo nd for the maximum
eigenvalue is given by -!- of the -m ximum linear tank
dimension. Working in normalized nits, this amounts to
15 for a 60 x 60 tank. Experimenta ly, the largest eigen-
value ever observed lies in the region of 4.

Introducing an error vector en = En - En-lone
obtains from 10:

(~n[1 + Yn] + Yn[1 + ~n])I - K ~n Yn
en+l = (1 + ~n) (1 + Yn) en - (1 + ~n) (1 + Yn) en-l

8(a) and (b) form a system oflinear equations in (n+m)
unknowns. Note, however, that either E or V could easily
be eliminated, if this is desired.

N.B. The particular choice of Green functions that
led to the system 8 prevents the inherent singularities of
the former from influencing the solution.

The iterative procedure

Equations (8) suggest a convenient iterative scheme.
Let En and Vn be the nth iterates of E and V respectively.
Anticipating the need for convergence control, the
following procedure seems suitable

~n 1

)

Vn+1 = 1 + ~n Vn + 1 + ~n
(Vb-K1En (a)

(9)

Yn 1
En+1 = 1 + Yn En + 1 + Yn

(Eb - K2Vn+1) (b)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . (11)

Let the eigenvalues of K be AT(r =1,2"'0 n). Consider
en to be expanded in terms of the eigenvectors of K and
concentrate attention on the convergence properties of
anyone of the eigenvectors, x(r) say. Then-considering
a stationary sequence with ~n = ~ and Yn = Y, xn(r)
is of the form:

Xn(r) = A(ql(r»n + B(q2(r»n
"""""""'"

.(12)

where ql (r) and q2(r) are the roots of the equation

2 ~(1 + y) + y(1 + ~) - AT ~Y
q - (1 + ~) (1 + y)

q + (1 + ~)(l + y) = 0
.. .. (13)

For convergence ql(r) and q2(r) (r = 1,2, ... n) must be
less than unity in magnitude. The rate of convergence

max

I I

largely depends on
r, k = 1, 2

qk(r)
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Solving (13) one gets

Iql,2(r) = ! (1 + ~) (I + Y)
{~(I + y) + y(1 + ~) - Ar ::!::.J(~ - y)2 - 2Ar [~(1 + y) + y (I + ~)] + A2r}

(14)

For r,easons to be explained, the system has been run
with ~ = 0 up to now. Substituting into (13).

y - Arql(r) = !+y'
q2(r) = 0 . . . . . . . . . . . . . . . . . . . .(15)

Suppose that 0 ~ Amin ~ Ar ~ Amax. In order to

minimise m~x
(I

ql
(r)

I)

Amin + Amaxy = 2
. , , . . , . . ., . . . . .. ., .. .. . .(16)

This simplified linear scheme has the advantage of
minimizing the detrimental effect caused by an over-
estimate of the spread in the eigenvalues. By now this
spread has been reasonably well established for a variety
of practical configurations.

Making use of this knowledge, convergence may be
improved in a number of ways. A stationary second
degree method promising a significant reduction in the
number of iterations-as far as this is still possible-is
being tested at present. Its behaviour follows from (14).

Suppose

(~ - y)2 - 2Ar (~[l + y] + y[l + ~]) + Ar2 ~ 0 for Amin ~ Ar ~ Amax

Then ~, y = H - I ::!::.JAmin Amax+ .JI + Amin + Amax+ Amin Amax}

With this scheme the rate of convergence is largely determined by:

. . . . . . . . . . . . . . . . . . . . . . . . . . . . (17)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . (18)

I

q12(r)
[

= J ~y (r=I,2, n),
(1 + ~)(I + y)

.. . . . . . . . . .. . . . . . . .. .. .. .. .. .. .. . . . . . . . . . . . . . . . . . . . .(19)

Accelerated sequences, i.e. ~n and Yn dependent on n,
have not been investigated. If at all necessary, these would
yield further reductions.
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