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Introduction

Bioleaching of sulphide minerals is an
important process that has the potential for
application in the recovery of copper, gold,
cobalt and other base metals. In recent years
heap leaching has been used for copper
extraction and pretreatment of gold refractory
ores (Olson et al. 2003). There has been
increased interest in the commercial
application of continuous stirred tank bioleach
reactors, for the bioleaching of sulphide
concentrates. Tank bioleaching has been used
for the recovery of gold from arsenical gold-
bearing concentrates since 1984 (Dew et al.,
1997) and as of December 2005 there were 11
operating tank bioleaching plants worldwide
(Harvey, 2005). There is a need for a dynamic
reactor model in order to improve the design,
operation and control of these processes. This
will ultimately enable bioleaching applications
to compete with traditional pre-treatment
processes such as roasting and pressure
autoclaving that have been well studied and
developed.

Research, indicates that bioleaching of
sulphide minerals consists of two independent
sub-processes (Boon and Heijnen, 1997). The
mechanism involves the chemical leaching of
the mineral by ferric-iron resulting in the
formation of ferrous-iron, which is
subsequently oxidized to ferric-iron by the
microorganisms. The use of a two-step
mechanism allows for the kinetics of chemical
leaching and the kinetics of ferrous-iron
oxidation to be analyzed separately, with the
steady state operating conditions being
determined by the rate at which ferrous-iron is
oxidized. The kinetics of leaching reactions are
described by the shrinking core and shrinking
particle models (Levenspiel 1972). As the
reaction proceeds, the unreacted mineral
particles are reduced in size, while aqueous
products are formed. In industrial operations
the feed to a leach reactor contains a distri-
bution of particle sizes, that change with
reaction as well as time spent in the reactor.
The model thus needs to account for both
particle age and the particle size distribution of
the feed stream.

Modeling is made complex by the fact that
Continuous bioleach systems cannot be
described using conventional biochemical
models or traditional leach reactor models.
Biochemical models describe the formation of
biological products, while leaching reactor
models do not account for the presence of
bacteria and the possibility of process failure
due to bacterial washout. In order to describe
the performance of bioleach systems, a
mathematical model that can describe the
extent of conversion of sulphide minerals
while taking into account the presence of
bacteria is required.
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Development of a mathematical model for continuous tank bioleaching

A number of bioleach reactor models have been
published; many of these models focus primarily on the
biological aspects of the system failing to incorporate
parameters directly related physical leaching. Breed and
Hansford (1999) proposed a model for tank bioleaching
based on the steady state microbial action, which in turn set
the redox potential of the system. This model has been
discussed in great detail by Crundwell (1999, 2000). The
model was based on a material balance for the bacteria at
steady state; it did not include material balances for ferric-
iron and ferrous-iron nor did it account for the effect of
particle size on rate of leaching. Crundwell (2000) proposed a
model that incorporated particle size, as well as the kinetics
of chemical leaching and biooxidation. The model
incorporates a size distribution in the feed stream as well as
a description of particle shrinkage due to reaction, through
the incorporation of a number balance into the material
balances for each of the reactor components. The model is
complex and involves the simultaneous solution of nonlinear
algebraic equations and differential equations in integral
form.

This study details the development of a general model for
describing the performance of tank bioleach reactors. The
model incorporates biooxidation kinetics, chemical leaching
kinetics as well as the effect of particle size distribution on
reactor performance.

Theory

Mechanism and kinetics

Research to date has indicated that the bioleaching of pyrite
can be modeled as a two-step mechanism that involves the
ferric leaching of pyrite and subsequent bacterial oxidation of
ferrous iron back into the ferric iron form

The leaching process can be described by the following
two reactions (Boon and Heijnen 1997): 

[1]

[2]

The shrinking sphere model applies to leach reactions,
where the rate of leaching is dependant on the surface area
of the particles that are being leached. In order to apply the
shrinking sphere model, a rate expression that describes the
rate of leaching in terms of available surface area is required.
An empirical rate equation proposed by McKibben and

Barnes (1986) indicates that the chemical rate of leaching
has a half order dependence on the concentration of ferric-
iron:

[3]

Where k = 10-97 (mol.cm-2 min-1) at 25°C.
The rate expression proposed by McKibben and Barnes

(1986) was compared to the rate expression developed by
Crundwell et al. (1999), based on an electrochemical study of
the bioleaching process. Where the intrinsic rate of
dissolution of pyrite (moles · m-2 · s-1) was described as
follows:

[4]

Inspection of this rate equation revealed that when kFe2+ ·
[Fe2+]<<kFeS2 · [H+]-0.5 the rate equation proposed by
Crundwell (1999) reduces to the same form as the empirical
expression developed by McKibben and Barnes (1986). 

Typical plant data for microbial leaching processes
revealed that industrial bioleach reactors operate at a pH
ranging between 1.2 and 2 and redox potentials of 900 mV at
steady state. For pH and redox potentials in this range the
rate equation proposed by Crundwell (1999) reduces to that
described by McKibben and Barnes (1986).

The Kinetic constants calculated by McKibben and Barnes
(1986) were for pyrite sourced from the Ward Mine in
Glendon, North Carolina (Black Hills Minerals Co.) In order to
account for differences in activity due to varying surface
chemistry for different types of pyrite, a shape factor (θ) was
included in the rate expression as follows:

[5]

The bacterial oxidation of ferrous-iron can be described
using Michaelis-Menton kinetics and a Monod-type equation
that has been modified to account for Fe3+ product and Fe2+

substrate inhibition (Nemati et al. 1998). Breed and
Hansford (1998) proposed a simplified form of the specific
ferrous-iron oxidation rate adapted from Braddock et al.
1984:
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Figure 1—Diagrammatic representation of bioleaching, adapted from Boon and Heijnen (1997)



[6]

A number of researchers have reported that at high redox
potential Leptospirillum-like bacteria are the dominant
species in bioleaching media. From the results of Boon
(1996), the following kinetic parameters were obtained for
Leptospirillum-like bacteria:

The redox potential can then be determined from the ratio
of ferric to ferrous iron in solution as follows:

[7]

Based on the kinetics and mechanism presented above,
the system will reach steady state when the rate of ferrous-
iron consumption through chemical leaching is equal to the
rate of ferric-iron production through bacterial oxidation:

[8]

This means that in systems in which both pyrite and
microorganisms are present, the rate of chemical leaching
and bio-oxidation are linked by the rate at which iron is
turned over in the system (Breed and Hansford 1999). 

Model development

Accounting for particle size

The rate of leaching of pyrite is described using a surface
based rate expression; this means that particles of different
sizes will have different rates of leaching. Particle size distri-
bution will be affected by reaction as well as flow in the
reactor (particle age). In a bioleach tank reactor in which the
fluid phase is perfectly mixed, the overall leaching rate and
subsequent conversion would be dependant on the size
distribution of the feed stream as well as the residence time
distribution of the solid phase. The rate of dissolution of
pyrite was described by incorporating the effect of particle
size distribution in the feed stream, particle shrinkage due to
chemical reaction and particle age as a function of mixing in
the system.

Consider a feed stream to bioleach tank reactor
containing a pyrite slurry, where the particles in the slurry
have a distribution of sizes, the overall conversion achieved
in the reactor can be described by the segregated-flow model
as follows (Dixon, 1996):

[9]

Were:

X
—

= Average conversion in the reactor
X(l.t) = Conversion as a function of age and particle size
f(l) =  Particle size distribution function
E(t) = The exit age distribution of pyrite 

Particle shrinkage

Reactor conversion was described as a function of particle
size and age as follows:

[10]

In the above equation Mpyrite,0(lo) describes the initial
mass of pyrite based on particle size, while Mpyrite(l,t)
describes the mass of pyrite in the reactor based on initial
particle size and time spent in the reactor (particle age).

Assuming that the fluid phase is perfectly mixed, the rate
of leaching (moles.cm2.min-1) can be described as follows:

[11]

Where: 

The rate of leaching (moles · kg-1.hr-1) for a particular
particle size can be described as follows:

[12]

In the above expression, the particle diameter (dp) is a
function of particle age and can be described in terms of the
mass of pyrite as follows:

[13]

A batch reactor balance on a single pyrite particle
determines the mass of pyrite as a function of particle age:

[14]

Where MMpyrite = the molar mass of pyrite
Integration of the above expression, gives the mass of

pyrite as a function of particle age:

[15]

For a feed stream containing a distribution of particle
sizes the above expression reduces to the following:

[16]

Particle age—residence time distribution study 

Particles do not spend the same amount of time in the reactor
and for this reason there will be a distribution of particle
sizes within the reactor system. This was incorporated into
the reactor model by including a term that describes the exit
age distribution (E(t)) of pyrite particles. As a first step
towards describing the degree of mixing within the system, it
was decided to use the Tanks-in-series model in order to
describe the exit age distribution function:
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Development of a mathematical model for continuous tank bioleaching

[17]

Where:
t = Time
τi = Mean residence time for a single reactor
n = The number of tanks in series

The tanks-in-series model describes the mixing within a
single real reactor as a number of equally sized CSTR’s in
series. When the number of tanks in series is 1, the model
predicts the performance of an ideal CSTR. As the number of
tanks in the tanks in series model is increased the flow
within the reactor approaches that of a PFR.

Size distribution

In industrial bioleach operations, the pyrite feed stream size
is not uniform; instead there is a distribution of particle sizes
in the feed. The particle size distribution in the feed f (l) was
described using a normal distribution function as follows:

[18]

Where:
S = Standard deviation or variance
m = Mean particle size in the feed
l = Particle size in the feed
The size distribution of the feed stream is described by

the function f (l), based on this the number of particles in the
feed stream that fall within the size range l to l + ∆l can be
defined as f (l) · dl. 

Substitution of Equations [10], [17] and [18] into
Equation [9] results in the following expression for overall
reactor conversion:

[19]

From Equation [19] it is apparent that pyrite conversion
is a function of reactor residence time, particle size distri-
bution in the reactor feed, the exit age distribution of the
solid phase and the specific rate of chemical leaching (k′′).
The specific rate of leaching is defined by Equation [5] and is
a function of ferric-iron concentration at fixed pH.

Material balances for bacteria and the fluid phase
components

The bioleaching of pyrite involves the chemical leaching of
the mineral (reaction 1) and subsequent biooxidation of
ferrous-iron (reaction 2). These reactions determine the
concentrations of ferric-iron, ferrous-iron and oxygen in
solution. In order to determine these concentrations it was

necessary to perform material balances on each of these
species. The following generalized expression was used to
formulate these material balances:

[20]

V = Bioreactor volume
F = Flow rate 
t = Time
[i] = Concentration of species (i)

ri
j
= Net production of species (i)—in reaction j

The steady-state material balances for each of the
chemical species are as follows:

[21]

[22]

For the bacteria

[23]

In the above expression [X] denotes the concentration of
bacteria in the reactor, and rx

2 describes the rate of bacterial
growth in the reactor system. The rate of bacterial growth is
related to the rate of bacterial oxidation of ferrous-iron by a
stoichiometric yield factor (Ysx

max) that describes the number
of moles of organic compound formed per mol of Fe2+

oxidized. The rate of bacterial growth is thus described as
follows:

[24]

For oxygen in the liquid phase

[25]

In Equation [25] above KLa represents the oxygen mass
transfer co-efficient, while [O2

sat] represents the saturation
concentration of oxygen in the liquid phase. The determi-
nations of the oxygen saturation concentration and oxygen
mass transfer co-efficient are detailed below.

Oxygen is fed into the reactor and dissolves in the reactor
slurry in order to provide for the bacterial oxygen
requirements. In order to determine the solubility of oxygen
in water Henry’s law was applied.

[26]

Where:
CO2

sat = Molar concentration of dissolved oxygen
Ki = Solubility of dissolved oxygen at unit partial

pressure
Pi = Partial pressure of oxygen
The above expression was used to calculate the

saturation concentration of oxygen at 25°C; the Clausius-
Clapeyron equation was then used to determine the
saturation concentration of oxygen at the reactor operating
temperature as follows:
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[27]

Oguz et al. (1987) developed a correlation for the oxygen
mass transfer coefficient (kLa) in an air sparged agitated
tank-containing slurry. The correlation incorporates a relative
viscosity term urel as shown below:

[12]

Where Q is the sparge rate (L.min-1) and (P/V) is the power
input per unit volume (kW.m-3). Typical (P/V) values
employed in industry for A315 lightnin impellers used in bio-
oxidation range between 0.7 and 1.67 kW.m3 (Derksen 
et al., 2000). For simulation purposes, a power per unit
volume of 1.3 kW.m3 was chosen.

Relative slurry viscosities for pyrite are obtained from the
graph below:

The density of the pulp can be determined as function of
solid density (ρsolid), liquid density (ρliq) and solid fraction in
the pulp (X):

[29]

Model validation, simulation results and discussion

Miller (1990) described the operation of a bioleaching pilot
plant for the leaching of a concentrate from Fairview (South
Africa), and Hansford and Chapman (1992) describe the
operation of a laboratory-scale continuous bioleach reactor
for the leaching of a pyrite flotation concentrate from Crown
Mines (South Africa).

Model parameters and input data for each of these
operations are given in Table II.

The comparison of the model predictions to the data from
the Fairview pilot plant and the data obtained by Hansford

and Chapman (1992) for a laboratory-scale bioleach, are
detailed in Figures 3 and 4.

The same bacterial oxidation and leaching kinetics were
used for both simulations with Figure 3 and 4 indicating that
the model provides a good description of the pilot plant data
as well as the laboratory-scale data. This suggests that the
model presented has accounted for the most important
parameters in the bioleaching process. 

ρ
ρ ρ

ρ ρ ρpulp
solid liq

solid solid liqX
=

− −( )

 
k a Q

P

VL rel= ( ) 





− −
6.6 10 4 0.39 0.5

0.5

x µ

Log
C

C

H

R T T
2

1 1 22.303
1 1

= −










∆

Development of a mathematical model for continuous tank bioleaching
J
o
u
r
n
a
l

P
a
p
e
r

The Journal of The South African Institute of Mining and Metallurgy VOLUME 106       NON-REFEREED PAPER APRIL  2006 281 s
Table I

Thermodynamic constants for oxygen

Henry’s law constant ( )  at 25‚C
Enthalpy of dissolution ( )  14653.8

Source: Clark Atlanta University and Northern Arizona University

Figure 2—Relative viscosity relative to pulp specific gravity (Bailey &
Hansford, 1994)

Table II

Simulation parameters for modeling of experimental
data

Source Miller Hansford and Chapman

Concentrate origin Fairview Crown Mines

Tank volume (L) 1000 5
Feed -solid fraction 0.11 0.1

Particle size (µm) -20+71 +53-75
Mean particle size (µm) 25 64

pH 1.6 1.8
Temperature (°C) 40 30
Shape factor (θ) 1.15 0.72

Figure 3—Correspondence of the model and Fairview pilot plant data
(Miller, 1990)

Figure 4—Correspondence of the model and laboratory scale data for a
continuous bioleach reactor (Hansford and Chapman, 1992)
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Conclusions

A mathematical model that describes the performance of a
primary bioleach reactor has been developed. This model is
based on a two-step reaction mechanism, where the chemical
and bacterial sub-processes are analysed independently. The
extent of pyrite conversion is described using the segregated
flow model, with the exit age distribution of the solid phase
being described by the Tanks-in-series model. Incorporation
of material balances on the fluid phase components provided
a link between chemical leaching and bacterial oxidation
through ferric-iron. Solution of this model indicates that it
can accurately predict the performance of a primary bioleach
reactor. The model is able to account for the most significant
parameter associated with leaching processes namely particle
size.

Nomenclature
[X] Bacteria concentration (mol/l)
[Fe3+] Ferric iron concentration (mol/l)
[Fe2+] Ferric iron concentration (mol/l)
[H+] Proton concentration (mol/l)
[O2] Oxygen concentration (mol/l)
[O2

sat] Oxygen saturation concentration (mol/l)
dp Particle diameter (m)
E(t) Pyrite exit age distribution
Eh Measured redox potential, Ag/AgCl-Pt electrode

(mV)
Eo Standard redox potential for Ag/AgCl-Pt electrode

(mV)
f(l) Distribution function
K Rate constant for bacterial oxidation
Ki(T,CO2) Solubility factor
kFeS2 Pyrite rate constant
kFe2+ Fe2+ rate constant
kFeS3+ Fe3+ rate constant
kLa Volumetric mass transfer coefficient
M pirite Mass of pyrite (kg)
MM pirite Molar mass of pyrite (g/mol)
m mean particle size (µm)
n The number of ideal tanks in series
Pi Partial pressure (kPa)
P
V   

Power consumption per unit reactor volume (kW.m3)

Q Volumetric rate (L.h-1)
qFe2+ Bacterial oxidation of ferrous iron
qFe2+

max Maximum specific oxidation of ferrous iron
R Universal gas constant (J.mol-1.K-1)
rFeS2 Specific rate of pyrite leaching (moles.cm2.min-1)
rFe2+ Chemical ferrous iron consumption rate

(moles.min-1)
rx Rate of bacterial growth (mol.L-1.hr-1)
r”(t) Surface based rate of pyrite consumption 

(mol · cm-2-1 · min-1)
r′(t) Mass based rate for pyrite consumption 

(mol · kg · min-1)
S Standard deviation
t Time (hr)
X Reactor conversion
X(l,t) Conversion as a function of time and particle size
X
—

Reactor average conversion
YSX

max Stoichiometric yield factor (mol C/mol Fe2+)

Greek letters
ρ pyrite Pyrite density (kg/m3)
ρ pulp Pulp density (kg/m3)
ρ solid Solids density (kg/m3)
θ Shape factor
τ Residence time (hr)
µrel Relative viscosity
∆H Enthalpy of dissolution for oxygen (kJ.mol-1)
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